“Mathematics is, in its way
the poetry of logical ideas”

RELATIONS

(1) Types of Relations

Universal Relation

A relation in which each
element of A is related to
every element of A, i.e,
R=AxA.

Empty Relation

° / A relation in which no
element of A is related to
any other element of A, i.e,
R=¢ c AxA.

®

2.

Identity Relation

° J A relation in which each
element is related to
itself only. | = {(a, a),ae A}

@

Reflexive Relation:
(o, 0) eR, for every

a eA.

3 4,

Inverse Relation

Inverse relation of R from A to B,
denoted by R, is a relation from B to

Equivalence Relation :
A relation R in a set A is said to
be an equivalence relation if

Symmetric Relation: Transitive Relation:
(a, a,)eR implies that (a, a,)<R & (a,a,) <R implies
that (o], 03)eR, for all

Ais defined b
(a,q,)eR, for all a,a,eA. Al R is reflexive,symmetric & R = {(b,a): (a, b)e R}.
v o Ug€R transitive.
Antisymmetric: A relation is Irreflexive Partial order relation
. . 10 ; L
Asymmetric Relation u antisymmetric if: 11. ) ris irrefiexive iff .

R is a partial order, if R is
Reflexive, Antisymmetric
and Transitive.

« For allx,yeX[(x,y)eR& (y,x)eR]=x=y

\97 (x,y)eR=(y,x)gR

vaeA,((aa)¢R)
« For all x,ye X[(x,y)eR & x#y]=(y,x)£R

2. EXAMPLE:

Relation Reflexive Symmetric Asymmetric Antisymmetric Irreflexive Transitive
_ i ; ; R, X X X v X X
A = {1, 2, 3, 4}. Identify the properties of relations. R J J v v ” v
Ri={(12),(22),(33).(21),(43).(42),(3.2)} R, X 7 v 7 v v
R,=AxA, R;=¢, R, ={(11),(2.2),(33),(4.4)} R, v v X v X v
Rs={(11).(2.2),(33),(44).(1.2),(21),(43),(34)} L 4 v - X X Y

If A={1,2},a relation R={(1,2)} on A is a transitive relation.
using the similar argument a relation R = {(x, y) : x is wife of y} is transitive, where as R = {(x, y) : x is father of y} is not transitive.

3. PROPERTIES

p
L _ 3.

R is not symmetric

A N\ (¢

R is asymmetric implies

R is not symmetric

R is not antisymmetric

R is reflexive implies
that R is not

that R is irreflexive. By does not imply R is / ) _ ! ;
R is not reflexive does definition, for all antisymmetric. Counter does not imply Riis does not imply R is asymmetric. By
not imply R is irreflexive abeA,(ab)eR example: asymmetric. Counter symmetric. Counter deﬁRmon, fOI’RG”
Counter example: and(b,a) & R This implies _(192 3 example: example: ae. (a,a) <
A={123}R= A—(123 R QA— 23 R ~—>This implies that, both
A={123},R={(11)] that for all (Z’ bz\e R’aaig ((12),(23),(32) =112.3},R= ={.23},R= (a,b) and (b, a) are in
Thus, for alla</ (2 )E {12).(22)) {(12).(23).(32)f R when a = b. Thus, R is
Therefore, R is irreflexive. not asymmetric.,

(4) COUNTING OF RELATION

Number of relations
from set Ato B = 2™,
where

|Al=m,|Bl=n

‘n” elements =

The number of binary
relation on A which are
both symmetric and
asymmetric is 1.

Number of Identity
relation on a set with

Number of reflexive
relation set on a set
with ‘n’ elements =

1 2n( n-1)

The number of binary
relation which are both
reflexive and antisymmetric
on the set A is3("* "2

Number of Symmetric

relation set on a set with

1 I 1/2
n’ elements =2""Y

The number of
asymmetric binary
relation possible on
the set A is 3" -1)/2

The number of
antisymmetric binary
relations possible on
Ais 2n ‘3(n2—n)/2

The number of binary
relation on A which are
both symmetic and
antisymmetric is 2"

There are at least 2"
transitive relations
(lower bound) and
at most

e
o _5 2 1 (upper bound)



5. OPERATION ON RELATIONS:

L. R,-R,={(ab) [(ab)eR, and(ab)¢R,} 2.R,-R,={(ab)(ab)eR, and(a,b)¢R,} 3.R,UR, ={(ab) [(ab)eR, or(a,b)eR,|

4.R, "R, ={(a,b) [(ab)eR, and(ab)eR,}

PROPERTIES 6. COMPOSITON OF

1) If R, and R, are reflexive, and symmetric, then R, U R,

is reflexive, and symmetric. RELATIONS

2) If R,is transitive and R, is transitive, then R, UR,
need not be transitive. Let R,cAxBand R, cBxC,Composition of R,on

counter example: Let A = {1,2jsuch thatR, ={(1.2)} and R,, denoted asR, R,or simply R,R, is
R,={(21)}R,UR, = {(12),(21)}and (L1)¢ R, UR, implies that

Rl R2 = {(a,c) lacA,ceCArdbeB such that

R; UR,is not transitive.
((a, b) € Rl,(b,c) € Rz)}

3) If R, and R, are equivalence relations, then R n R, is
an equivalence relation. NOTE

4) If R, and R, are equivalence relations on A, R, (R,nR,) cRR,nRR,

* R, —R, is not an equivalence relation (reflexivity fails).
. . : R, (Rz . Rs) =R R, URR,
- R, —R, is not a partial order (since R, - R,is not reflexive).

* R,®R,=R,UR,-(R,NR,) is neither equivalence relation R < AxB,R,cBxC,R,cCxD.(RR,)R; =R (RR;)

nor partial order (reflexivity fails)

. . . . -1 _p -1p -1
5) The union of two equivalence relation on a set is not (RiOR;) “ =R, "0R;

necessarily an equivalence reation on the set.

6) The inverse of a equivalence relation R is an
equivalence relation.

7. EQUIVALENCE CLASS

Equivalence class of a€ A is defined as[al ={x [(x,a)eR}, that is all the elements related to a under
the relation R.

(" Example )
E=Even integers, O=odd integers.
(i) All elements of E are related to each other and all elements of O are related to each other.
(ii) No element of E is related to any element of O and vice-versa.
(iii) E and O are disjoint andZ =EuO
The subset E is called the equivalence class containing zero and is denoted by [0].
Properties: consider an equivalence relation R defiend on a set A.
1L U la=A 2.For every a,beA such thatae[b],ab it follows that[a]=[b] 3. > IIX]I=IR]
VaeA VxeA
4. For any two equivalence class[a] and [b], either[a]=[b]or [a]"[b]=¢ 5.Foralla,beA, if a€[b]thenbe[a]
\6. Foralla,b,ce A, ifae[b]and be[c], then ae[c] 7.ForallacA[a]#¢ )

Congruence modulo n given by a = b (mod n) if and only if n divides (a - b).

8. BINARY OPERATIONS

Let S be a non-empty set. A functionf: S x S — S is called a binary opertion on set S.

Note 2

Number of binary operations on a set containing n elements is n"



“IN MATHEMATICS
THE ART OF PROPOSING A QUESTION
MUST BE HELD OF HIGHER VALUE THAN SOLVING IT.”

— Georg Cantor

FUNCTION
G Classification of function)

01. Constant function 03. Polynomial function 4. Rational functions

f(x) = k, k is a constant. = f(x) = g, x” + a,x™+..+ d_n is non negative It is defined as the ratio of two polynomials.
mteger a, are reql constants. Givena, = 0,nis P(X) .
the degree of polynomial function f0=500 provided Q(x) =0
02. Identity function There are two polynomial functions, f (x) =1+ X" & f(x) =1-x"|  Dom{ f (X)} is all real numbers except
The functiony = f(X) = x, Vxe R satisfying the relation: f (% f GJ: f(x)+f [%) when denominator is zero [i, €, Q(X) # 0]
Here domain & Range both R where ‘'n’ is a positive integer.
@ Exponential function) @ Logarithmic function)
f(x) =a%, a>0,a=1. f(x) =log, x[a>0,a=1]
O<ac<l a>l
O<a«<l a>l
N y N y
y y
\\ . 1//
— ' — y 1 . 1
X < > < >
X o) X e) X O 2 O X
2 y v y| v yl

Domain =R, Range = (0, =) Domain =(0, ~), Range =R

Proprieties of Log. Functions

~N

log,(xy) =log, | x|+log, |y |, wherea>0,a#1 and xy >0 log, x =

for a>0,azland X>0,x=1

X X
|09a(§j=|09a|X|—|09aIYI,Whefea>0,ailand—>0 Ioga1 =nlog, | x|, wherea>0,a=1and x" >0

y

J

J

)\ )

If a>1, then the values of f(x)= log . Xincrease with the increase in x.

If, 0<a<], then the values of f (x) = log . X decrease with the increase in x.
ie.Xx<y<log,x<log,y

ie. X<y<log,x>log,y
<0 forO<x<1

Also, log,x<=0 forx=1
>0 forx>1.

>0 forO<x<1
Also, log, x<=0 forx=1
<0 forx>1

J/

|09an XM :m|ogIal |X|, where g>0,a=1and x >0 u |Oga _ Iogax Wherex>0,y>0,a>0,a¢1
n

J

< Trigonometric Functions>

_ Tangent function Secant Function Cotangent function
(w12, -1)

C (Gs)
(=0 I/\ 'mm ; 5 _n/zv ? 5 "”2 - i i n \ ]\ :
NZE N o e = e

(-n/2,-1)
f(x) = sinx. f(x) = cos x f(x) = tan x f(x) = cosec x f(x) = cot (xj
Dom (f) =R Dom (f) =R Dom(f)=R—{ DT, Dom (f) =R-{mR,nez} f(x)=sec_x T Dom (f) =R -{nw|n ez}
Ran (f) = [-1,1] Ran (f) = [1,1] Ren( ) - R { e Ran (f) = R-(-1,1) Dom (s) =R -{(2n+1) 7in < 2} |

Ran (f) =R- (1,1). 2 Ran (f) =R.



@

. X, X>0
CG Absolute Value Functlon> y=f(x)= XI={
X, X<0

I

u NN J u | X |= max{—x, x} ]—|x|=min{—x,x} ]

a+b

max(a,b) = T+ a-b

2

~N

min(a,b) :a%b_

a%b] IX+YISIXI+IVI] u Ix+yHEx|+]ylif XY>0]

J

u |x=yEIx[+]y]if

XY<0J u |x| >a(is—ve)x ER Ju q<|x|<b:>—bsx5—qoro<x<b.xe[-b,—o]u[o,b].]

A y=1,x>0

———
: : ] if x=0 . R
(G Signum Function y=sgn(X) ={ x < . >
0) if x=0 y——1—ff
x<0

: f(x) = [x] the integral part of x,
C“ Greatest Integer Function > which is nearest & smaller integer

B

—

v

[X<x<[X]+1 6

X—1<[X: <X é |SX<|+1:>[X]=|6 [X]_[_X]:{§§+1 :)2(::.

0, xel | 2x,

[X]+[—X]={

-1 xel,

al [x]3n<:>x<n+],nelé [x]<n@x<nd [X]:FHX—H}
2X+1, ,xe¢l 2 2

S

. —n [X]+[y]<[x+ Y]<[X]+[Y]+1é [X]+[X+%}+[X+E}+....J{x+nT_1}:[nx]

n

@ Fractional Part Function> ( Odd and Even FunctiorD

-y={x} fractional past of x. 1. if f(-x) =-f(x) ¥ x eR then f is an odd function, odd functions are

y={x}=x-[x]

L{x}=x0<x<1

3. {-x}=1-{x}, xel

symmetrical in opposite quadrants or about origin.

2 [x} =0 2. If f(-x) = f(x). then even. It is symmetric about y axis.

4. {x = integer} = {x}




~ » Properties o

1. Product of two odd or two even function is an even function.

3. Every function can be expressed as the sum of an even and odd function, i.e,

2. Product of odd & even function is an odd function.

4. Derivative of an odd function is an even function and of an

2

N

f (%)= f(x)+f (—X)+ f(x)—f(-x)

2

even is odd.

@ Periodic function >

f(x) is periodic if f(x + T) = f(x) ¥ x € R, T = period

a
Functions

sin" x,cos" x,sec" X, cosec” X

7(n is even), 21t(n odd/ fraction)

Period

tan" x, cot" x T
[trig function| T
x=[X] 1

f (x) = constant

Periodic with no fundamental period.

Properties of Periodic functions

If f(x) is periodic with period T, then

1. c. f(x) is periodic with period T

2.f(x + c) is periodic with period T.

3.f(x) = c is periodic with period T.

4.kf (cx+d) has period% period is only affected by coefficient of X.

@ Composition of Function>
f

g9

O @

« h(x) = g f(x) = (gof) (x).

@ Kinds of Mapping >

One-one/Injective/Homomorphic: f(x) = f(y) = x=y, then one-one.
Graphically, if no line parallel to x-axis meets the graph of function
at more than one point.

- gof # fog.
~ - Composition of two bijection Onto/surjective: If range = co-domain. Method to show subjectivity:
Is a bijection. Finding the range of y = f(x) & Showing range of f = ¢ o-domain of f
S o _ f 9 fog
.3 'g o even even even e Many-one mapping:If two or more element in domain have same
‘a-'; o 'g odd odd odd image in co-domain.
g § 3 even odd ever
a © odd  even  even @ Into Function:There's an element in B not having a pre image
in Aunderf. [f: A 5 B].

f:A— B

@ Number of functions >

"P, m>=n
0, m<n

m'—"P,m>n

Total no of functions = m" 0

m

No. of many one functions =
,ym<n

Numlber of One to one functions= {

n
. > (=D'"C (m=r)",n>=m
No. of onto function =<

m" ,n<m

@ Inverse of a function >

gB~>A, f(x) =y=g(y) =xvVxeAandy e B.
Then g is inverse of f

No. of constant function= 1T No. of one-to-one onto functions = n!, if m=n

l.Inverse of a bijection is unique. 2.1ff: A > Bis a bijection g:B A s the inverse of f, then fog = I, | 3-Theinverse of a bijection is also a bijection

gof =1,, where |, & |, are identity function (gof)'=flog"
@ Hyperbolic functions>
: e —e” e€+e” e —e” e +e”
sinhx=—— Ccoshx =———— tanhx=——— cothx = —
2 2 e€+e” e -e



@

@ Elementary transformation of grqphs>
D

Drawing graph of y=f(Ix|) from the known Drawing graph of ly|=f(x) from the know m
Drawing the graph of y = If(x)| from the graph of y=f(x). graph of y=f(x).
T iyl =f(x)

y =)l
[N/ \ / i = :
X £(Ix]) oo l \_

5 . f(-x), x<O0

l S\ A=t

y=f(x) y=f(x)
_ Remove portion that lies below x axis.
_Jf(x) it f(x)=0 Neglect the curve for x<0 & take the images Plot the remaining portion of the graph
1T} =4 - 0
—f(x) if f(x)<0. of curve for x>0 about y axis. & also its mirror image in x-axis.
@ Things to remember >
Range of aCOSX + bsinx is[—\/az+b2,\/a2+b2} ‘ Range of f (x)=+a-x+x—b if a>b>0is \/a—b+\/2(a—b)
1 1 . . . . .
Range of(X+;j+ is (—o0,~2.5]U[2.5,0) ‘ —sinl<sin(cosx)<sinl ‘ cosl< cos(sinx) <1

VO

J
X+=
X

@ Functional Equation >

n

(
(

J)f (x;y]: f (X)erf (y),thenf (x)=mx+c
( 1 +X

N—
Il
H
—+
3
—
—~
X
N~—"
Il



~

Graph
Inverse function Domain Principal Value Branch
2.y = cos'x 3.y =tan?x
_qnl _ [z ]
y=s8in"x [-1,1] L P ’ZJ A A 4
L 70/2 i ._-------..ZC./.Z___
y = cos x [-1, 1] [0, n] \¥\
y = cosec™' R-(-1,1) Z2]-0 e 1 =] 1 ) ’
- -2 | ) 5
y=secix R-(-1,1) jox1-{2} ' } T
y = tanx R (_—;%] 4,y = cotx 5.y = secx 6.y = cosecix
A
y = cot 'x R (O,m) “n / i S | 2
\_ / Y| SN \
< \\\\‘~ «— /i» «— —b
) g -1 1 \
v v v

-

Properties Of Inverse Trigonometric Functions

T

NGt oy e T g
(i) Sin"(sin6) =0 if 5 =9=75

i) tan"L(tan0) =0 if —~ <<
(iii) (tan©) > >

(V) sec*(sech) =6 if039<g or g<93n

Property -01

(ii) cos™(cos®) =0 if 0<0<T
(iv) cot*(cot0) =0if 0<O<m

(vi) cosec (cosect) = 0, if —gs 9<00ro<

~

() sin(sin™x) =x, if -1<x<1

(i) cos(cos‘lx) =x,if-1<x<1

(iii) tan(tan‘lx)= X jf —0 <X <00

(v) sec(sec™x) =, if-0 < x < ~10F 1< x <00

(—)Sg (iv) cot(cot‘lx)zx,if—oo<x<oo

Y (vi) cos;ec(cosec‘1 x) =X, if—o<x<-10r1<x <o J

(i) sin}(=x) =—sin"!x, if-1<x <1

(ii) cos *(—x) =m—cos ™ x, if -1<x <1

(iii) tan ™ (-x) = —tan " x, if —o <X <0

Property -03

(iv)cot™(—x) = —cot ™ x, if-o <X <0

(V)secH(-x) =n—sectx, if —o < x <-10r1< x <0

(vi) cosec™*(—x) =—cosec ™ x, if - < x <—10r

A

T

(i) SN x+cos ' x >X e[-1]

T
, XxXeR

(i) tan " x +cot ' x = >

1<Xx<w

J

(i) sinx = cosec‘l(ij ,~1<x<1-{0}

(ii) cosec* x =sin1[%j,x eR-(-11)

(iii) costx =sec™ 1j,—ls x <1-{0}

&
(iv) sec 'x=cos™ (%)x eR-(-12)

(v) tan"tx =cot™* (%} ,x e R—{0}

cot 1 x vV x>0
—m+cotix V x<O Yy,

(vi)ytan ' (1/ x) = {

(iii) sec™* x + cosec™ x =g,x € (—o0,—1] U[L )

-

~

/

ty
Xy <1
)

X
()tan ' x+tan "y = tanl(

=n+tan‘1(x+y],x>0,y>0,xy>1

1-xy

= nitant 2 | x<0,y<0,xy>1
1-xy

(i) tan " x +tan "ty +tantz = tan‘l[

Property -06

(ii) tan *x—tan "y =tan* (—X 2

,xy>—1
1+xy

=T+ tan_l[u

,X>0,y>0,xy<—1
1+ xy

:_n_,_tan-l(ﬂj ,if x<0,y<Oand xy>1
1+xy

X+Y+Z—-Xyz

1-xy-yz—2zx |
ifx>0,y>0,z>0

and (xy +yz+2zx) <1

if x<0,y<Oandxy>1

~




(R

Jfx2+y?<1

() sntx+siny :sin’l{x\/l— y? + y\/l— XZ}

Property -07

orif xy<0and x*+y* >1; where X,y e[-11]
. .1 2 \/ 2| 2 .2
=n—9Sn {x\/l—y +yv1-Xx }|f0<x£l0<yslandx +y*>1

=_T[_sin_1{x\/1_y2 +y\/1_x2},if—1£ x<0,0< y<land ¥ + ¥ >1

sn~x-sin"y =S‘”_1{Xx/1— y? - yV1- xz}, Xy > 0, X2+ y2 > 1 or x2+y<]

=TE—S"”‘1{><J1—y2 —le—xZ}, 0<x<],=1<y<0,x2+y2>]

2—“—9n‘1{XJ1—y2 —le—xZ}/ “1<x<0,0<y <12 +y?>]

J

(i) cos'x+costy :cos’l{xy—s/l_ x2,/1— yZ}, -1<xy <1 x+y=>0

Property -08

:2n—cos‘1{xy—\/1—x2,/1_y2}, -1<x,y<1,x+y<0

~

(if) cos*x —cos™y =cos{xy+VI-x21-y?}, ST x y sl x <y
:—cos‘l{xy+\/1—x2w/1_y2}, —1<y<0,0<x<], x>y

J

Property -09

(i) 2sin x =sin‘l(2x\/1—x2 )_T;s xi

N

=n—sin‘1(2x\/1— 22 ) 1 xe
J2
=—n—sin‘1(2x\/1— xz),—ls X s_—;

(if) 3sin'x =sin*(3x—4x*),-1/2<x<1/2
=n—sin’1(3x—4x3), 1/2<x<1

=—n—%\n’l(3x—4x3),—1£ x<-1/2

N

(i) 2c0s*x =cos™(2x?-1), 0<x<1. =2r-cos™*(2x*-1),-1<x<0

(if) 3costx =cos'(4x’-3x), 1/2<x<1

- 27c—cos’l(4x3 -3x),-1/ 2<x<1/2

= 2TE+COS_1(4X3 —3x),—1s x<-1/2

) /

Property -11 I
(i) 2tenx =tan-1[ 2 j 1ex<l (ii) 2tanx =S|n‘1( S j 1<x<t
1-x? 1%
=n+tant 2 , xXx>1 —n—sin‘l( 2 ),x>1
1—X2 1+ X
4 2x ——n—sin‘l( 2 j,x<—1
=-m+tan 12 ) x<-1 1+ X
. 3x-x*) -1 1 2
(iv) stanx=tant| " | =<x<—= -1y =cos™ , 0<x<
1-3x2 3 \/é (|||) 2tan " x 1t x ©
3 2
=n+tant 3)(;)( ,X>i =—cos* L ,—0<X<0
1-3x? J3 1+ X
1 3)(—X3 =
=—m+tan | — |, x<—=
1-3x J3
\_ J
Property -12 N
. — (1 A Property -13
(j)sin™x =cos'y1-x* =tan™ =cot™! =Sec =cosec | — | »
1-x? X 1-x X
5 If X, X, ... X ER then tan™x, + tan™x, + ... + tan™x_=
1-x

cosix =sinty1-x? =tan™ -

(i)t ( Jl_Jco( L

-

(2 o )

1 X>0
1-x?

tan | LSS S
1-s,+5,—S5+---

J
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Some Important graphs

sin™ (3x— 4x3) cos ™ (4x* -3x) tan"(secx+ tan x)
i /ﬁ"x | A
&
b
|/
\U/ \
7+ Loostx COS_l (COSX) S n_l (Sl n X)
i ,,\ % AN
ANSNINANG A <A~ V"
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MATRICES

B MATRIX W:PAPORDER OF A MATRIX

— . . . . "
A matrix is an ordered rectangular array of numbers or A matrix having m rows and n columns is called a matrix of order mxn or

functions. The numbers or functions are called the simply mxn matrix.

elements of the matrix orA=[a, | ... 1si<m,1<j<n, i jeN
®

a, is an element lying in the i row & " column. The number of elements
in mxn matrix will be mn.

® J

WCEAY) TYPE OF MATRIX )

(i) Column Matrix: A matrix is said to be a column matrix if it has only one column, i.e., A=[a

ij]mx] is a column matrix of order mx1.

(ii) Row Matrix: Row matrix has only one row, i.e,, B=[bij] is a row matrix of order 1xn.

xn

(iii) square Matrix: Square matrix has equal number of rows and columns, i.e, A=[a.

u]mxm

is a square matrix of order m.

(iv) Diagonal Matrix: A square matrix is said to be diagonal matrix if all of its non-diagonal elements are zero, i.e, B=[b
diagonal matrix if bij=0, where i # |.

is said to be a

ij]mxn

(v) scalar Matrix: It is a diagonal matrix with all its diagonal elements are equal, i.e, B=[b
| = j & k= constant.

is a scalar matrix if bij = 0, where i=|, bi].=k, when

ij ]mxn

is an identity matrix if

mxn

(vi) Identity Matrix: : It is a diagonal matrix having all its diagonal elements equal to 1, i.e,, A=[o”.]
L ifi=]
& =10, ifi#]
we denote identity matrix by | when order is n.

(vii) zero Matrix: A matrix is said to be zero or null matrix if all its elements are zero. It is denoted by O.

o /

BY WY eQuALITY OF MATRICES ¢+ (U TRACE OF A MATRIX

The sum of diagonal element of a square matrix A is

Two matrices A=[C'u] and B = [bii] are said to be equal if called the trace of matrix A, which is denoted by tr A

(i) they are of the same order n
(ii) each element of A is equal to the corresponding element of B, i.e., a,=b, foralli&] tr A= Zaﬁ =antant...a PY

i=1
® J

Properties of Trace of a Matrix

O let A =[a,] ., and B = [b,] and A be a scalar.
WA ADDITION OF MATRICES (O Om) 20() (1) rh - B)= 1) - 1(6)
(i) tr(aB) = tr(BA)  (iv) tr(1 )=n

PY (vi) tr(aB) ztrA.trB (v) tr(0) =0

° J

Properties of matrix Addition

@
(i) commulative Law: A + B=B + A (ii) AssociativeLaw: (A+B)+C=A+(B+C) MULT|PL|CAT|°N OF A °

(iii) Existence of Additive Identity: Let A=[0|ij ]mxn& O = zero matrix of order m x n, MATRIX BY A SCALAR
then A+ O = O + A = A Here O is the additive identity for matrix addition. Let A=[a.]mxn be a matrix & k, t be a number
ij ! :
(iv) Existence of Additive Inverse: Let A= [Clij]mxn be any matrix then we have another Then, kA = Ak = [kGij]mxn
matrix as Let -A= [-a,] . such that A + (-A) = (- A) + A = O. Here -A is the additive Properties
inverse of A or negative of A. (I) k (A + B) = kA + kB (ii) (k + t) A = kA + tA.
e / ® J

®
m MULTIPLICATION OF MATRICES ¢

If A & B are any two matrices, then their product will be defined only when the number of columns in A is equal to the number of rows in B

If A :I:aij:|m><n and B :[bij:lnxp then their product AB= C= [cij] is a matrix of order, m x p where

(ij)" element of AB=C;=X,a,b,
® J
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PROPERTIES OF MATRIX
MULTIPLICATON

(1) Associative Law for Multiplication: If A, B & C are three matrices of order ®

mxn,nxp& px( respectively, then (AB)C=A(BC)

(ii) Distributive Law : For three matrices A, B & C(a) A(B+C)=AB+AC
(b) (A +B)C=AC+BC whenever both sides of equality are defined.

(iiii) Matrix Multiplication is not commutative in general, i.eAB = BA (in general).

(iv) Existence of Multiplicative Identity: For every square matrix, there exists an

identity matrix | of same order such thatlA = Al = A
®

(i) (A=A

(i) (kA)™ =k (A)" (where k is constant)
(i) (A£B)T= AT £ BT

(iv) (AB)T =BT AT

(V) (A Az As . A A)T=ATA
(vi)yI'=1.

) @

“MATRIX POLYNOMIAL

Letf(x) = apx™+a,x™ '+, x" "2+ .0 _ x+a bea
polynomial and let A be a square matrix of order n,
then f(A) = @, Am+ 0, A™ T+ 0, Am "2+ . +a A+
a_ |l is called a matrix polynomial.

® J

9
B INVERTIBLE MATRIX AND
INVERSE MATRIX
Properties of Invertible Matrices

(i) Uniqueness of Inverse : Inverse of a square matrix, if it exists, is
unique.

(@) (a)71= A (i) (A) = (A1) (i) (AB)'=BA™ (iv) (A9)"'= (A7)

® J
L
“ IDEMPOTENT MATRIX
A square matrix A is called an idempotent matrix if A2 = A. ®
1/2
Example: is an idempotent matrix, because
1/2 1/2
11 11 11
272 24| |2 2
SRR T T T Al PR B
4 4 4 4 2 2
10 00 . .
Also, A = and, B = are idempotent matrices because
0 O 0 1|A*=AandB?>=B.

R J

L
PERIODIC MATRIX

A matrix A will be called a periodic matrix if Ax*' = A where k

is a positive integer. If, however k is the least positive integer
for which Ax*1 = A, then k is said to be the period of A.

o
mSYMMETRIC & SKEW SYMMETIC MATRICES

Symmetric Matrix

A square matrix A =[aij] is called a symmetric matrix, ifg; =a; for alli,j or AT =A

Skew Symmetric Matrix

A square matrix A :[aﬁ} is called a skew-symmetric matrix, if a; =-a; forall i,jor AT =-A

Properties of Symmetric & Skew Symmetric Matrices

(i) For any square matrix A with real number entries(A +AT ) is a skew symmetric matrix

(A —AT) symmetric matrix.

(i) Any square matrix A can be expressed as the sum of a symmetric & a skew symmetric

matrix as A = E(A ¥ AT)} + E(A ‘AT)}

@
“ PROPERTIES OF TRANSPOSE OF
THE MATRICES
For any matrices A & B of suitable orders, we have:
®
1T A3TA2TA1T
J

®

J

m ORTHOGONAL MATRIX

A square matrix A is called orthogonal if AAT=1= AT A i.e, if A= AT

coso.  —Siha
Example: A = .
—sina.  cosa

} = A". In fact every unit matrix is orthogonal

®
m INVOLUTORY MATRIX

A square matrix A is called an involutory matrix if A2 =1or A7 = A

10
Example: A {0 J is an involutory matrix because

1
A2 = {O J =1 In fact every unit matrix is involutory

NILPOTENT MATRIX

A square matrix A is called a nilpotent matrix if there exists p € N such that AP = 0.

0 0 0
Example: A = is a nilpotent matrix because A2 =
xamp L 0} i ilp ix u {O 0

0}= 0 (Herep =2)

“ DIFFERENTIATION OF A MATRIX

A :r EX; g(x)}, then

d_A = f’(x) g'(x) is a differentiation of matrix A.
d | (x) I(x)
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DETERMINANT

N
DETERMINANT OF A SQUARE MATRIX OF ORDER TWO AND THREE \
PROPERTIES OF DETERMINANTS
Expansion of two order: a b =ab,-ba, . ) . .
a b (i) The value of a determinant remains unchanged if its rows and columns are
a b ¢ interchanged.
Expansion of three order:|a, b, ofa b, ¢ N P b, (i) If any two rows (or columns) of a determinant are interchanged, then sign
a b c b o “la G Tja b of determinant changes.
) (iii) If any two rows (or columns) of a determinant are identical, then the value
of determinant is zero.
(iv) If each element of a row (or a column) of a determinant is multiplied by a
) constant k, then its value gets multiplied by k.
SARRUS RULE a b ¢ (v) If some or all the elements of a row or column of a determinant are
A=la, b, c, expressed as a sum of two (or more) terms, then the determinant can be
a; by ¢ expressed as a sum of two (or more) determinants.
a b q (vi) If the equimultiples of corresponding elements of other row (or column) are
added to each element of any row or column of a determinant, then the
aZQ G value of the determinant remains the same.
P (vii) |AT |=|Al, where AT= transpose of A
abe, < ™ abg
- T (viii) If A = [a.],.,, then KAl = Kk |Al.
31b302 a2b3C1 !
+ & b g o+ (ix) The determinant of the product of matrices is equal to product of their
abg, - abg, respective determinants, i.e,, |AB|=|A||B|, where A& B are square matrices
N [2) of same order
=A=P-N M@ b ¢ |3 0 0 a 0 O
) 0 b, ¢c|=la, b, 0| =0 b, 0| =ab,c,
0 O ¢ |ag by ¢ |0 0 c
\
USE OF DETERMINANTS IN CO-ORDINATE GEOMETRY b
a b G
X1 N (iv) If three lines ax + by + ¢, = 0 are concurrent, then [a, b, c,|=0.
(i) Area of triangle, whose vertices are (x, y )A = > X, Y, a, b, c
X3 Y3
. . . 242 +by2+2gx + 2fy + c = i i
(i) If ax + by + c_= 0 are the sides of a triangle, then the area = (V) If ax h;y h bg/ g+ 2fy + ¢ = Orepresents a pair of straight
2 linethen|h b f|=0
a, b, c, ¢, ¢, c, are cofactors of ¢, c,, C,.
2¢,C,Cq a, b, ¢
. o ) . (vi) The equation of circle through three non-collinear points (x, y,) is
(i) Equation of a straight line passing through two points iy Xy
+
Xy X2yl X,y
(6 y) &0 y,) is [x vy =0 5 3 o v =0
X, Y, Xg +y§ X2 Y2
X3+Ys X3 Y3 J
N )
MINOR AND COFACTOR OF AN ELEMENT OF A DETERMINANT ADJOINT OF A MATRIX
Minor: The determinant that is left by cancelling the row and a, a, a, Ay A, Ay .
column intersecting at a particular element of a determinant is IfA=|a, a, a,| thenadA=|A, A, A, ’Where A;is the
called the minor of that element of the determinant. Minor of an Ay By 8 A, A, A, | cofactorofa,

element a, of a determinant is denoted by M,.

Cofactor: The cofactor of an element a, of a determinant is
denoted by A, (or Cij) and is equal to (1) M,.

If A be any given square matrix of order n, then A(adj A)=
(adj A A=|A]l where | is the identity matrix of order n.

SINGULAR AND NON-SINGULAR MATRICES

A square matrix A is said to be singular
if 1Al = O, otherwise it is called
non-singular matrix.

If A & B are non-singular matrix of same
order, then AB & BA are also non-singular
matrices of same order.

PROPERTIES OF ADJOINT OF A MATRIX
If A be any given square matrix of order n, we can define the following:

+ A(adj A) = adj A) A = Al, where | is the identity matrix of order n
« For a zero matrix 0, adj(0) = 0
« For an identity matrix I, adj(l) =1
For any scalar k, adj(kA) = kr'ad;j(A)
adj(A") = (adj A)’
det(adj A), i.e. ladj Al = (det A)™
If Ais an invertible matrix and A7 be its inverse, then: adj A = (det A)A71 is invertible with
inverse (det A)"' Aadj(A™) = (adj A)™
Suppose A and B are two matrices of order n, then adj(AB) = (adj B)(adj A)
« For any non-negative integer p, adj(Ar) = (adj A)p
If Ais invertible, then the above formula also holds for negative k.

INVERSE OF A MATRIX

If A and B are two matrices such that
AB=|=BA

then B is called the inverse of A and it
is denoted by A"

Also, At :%, if [Al£0




PROPERTIES OF INVERSE

If A and B are the non-singular matrices, then the inverse matrix
should have the following properties

. (A—l)—l =A

- (AB) = AB™

« (ABC)'=CBA"

c(AA . A)T=ATA L ATAT
< (An)7 = (AT

. (ka)7= (1/k)A™

« AB =1, where A and B are inverse of each other.

PRODUCT OF TWO DETERMINANTS
& & g Xy Xy X5
letA=b, b, byfand A, =ly, y, Vv,
G G G 4, 2, Z4
Then product of A, and A, is defined as

X T X, T A3X3 QY t Y, Yy Az + A7, + 357,
AA, =bX +b,X, +bxg by, +byy, +by, bz +b,z, + b,z
CiXg +CoXy +C3X5  CYy +CY, +CY;  GZy +CyZ, +CZ;

N\
DIFFERENTIATION OF A DETERMINANT INTEGRATION OF DETERMINATION
£, a(x) h(x) f(x) 9(x) h(x
Let A(X) =|f,(X) g,(X) h,(x) Let AX)=| p q r |,wherep,q,r |, mandn are constants.
fa(x) g3(x) hs(x) | m n
then A’(x) X ) X
f00 040 M| [0 60 he| (L6 6K hx) b J, fO9ax [ g0gax [ h(ex
=(f2(¢)  G2(x)  hy(X)|+[F5(X)  g(x) Mo ()[+[(X)  G,(X)  hy(x) Then I A(X)dx = p q r
fa()  9s(x) hy()| [fa(x)  g3(x) hs(X)] [F'5(x) g5(x) h3(x) : | m n
) )
)
USE OF SUMMATION o ax+by+c =0
cor2 gl Zﬂ:r Z,;rz Z,;rs 02x+b2|y+02:0
if (=P 9 | wherep,q,tare constants,thend f(N=| p g t |
1 2 3 r=1 1 2 3 Consistent system of Inconsistent system
equation has solution of equation has no
J solution
[ I
@ \ Unique solution  Infinite solution %=%¢%
b b
Check value of A & -1 L b_l -4 (Equation represents
a, b, &2 D G parallel disjoint lines)
| | (Equation represents (Equation represents
intersecting lines) coincident lines)
A =0 A =0
Consistent system and Check the values of
has unique solution A, A,and A,
A . A, . A, I 1
X=Z’V=X-Z=X At least one of A, A=A,=A,=0
A, and A, is |
not zero Put z = t and solve any
two equations to get
Inconsistent system the values of x and
y in terms of t.
J
1. Symmetric determinant \
The elements situated at equal distance from the diagonal 1 11
are equal both in magnitude and sign. ala b ¢ :(a— b)(b—c)(c—a).
a h g a2 bZ CZ
h b f|=abc+2fgh—af? —bg?—ch?.
gf c 1 1 1
2. Skew symmetric determinant 5-la b c|=(a-b)(b-c)(c-a)(a+b+c).
All the diagonal elements are zero and the elements situated at £ b
equal distance form the diagonal are equal in magnitude
but opposite in sign. The value of a skew symmetric determinant
of odd order is zero. 1 1 1
0 b -c 6.1a> b? c?=(a-b)(b-c)(c-a)(ab+bc+ca).
-b 0 a|=0 @ b S
c -a 0
3. Circulant determinant:
The elements of the rows (or columns) are in cyclic arrangement
a b c
b ¢ a =—(a3+b3+cs—3abc)
c ab
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LIMITS

Right hand and Left hand Limit

To evaluate lim f(x)

x—at
1. Putx=a+hinf(x)toget lim f(a+h)
h—0
2. Take the limitas h — 0.

To evaluate lim f(x).
X—>a~

1. Putx=a-hinf(x)toget Ilm f(a h)
2. Take the limitas h — 0.

Some Useful Limits

n_n
(1) Iim Xx o =na"~! where n € Q, the set of rational numbers.
X—a _
(2)
oo, ifa>1
(i) lima" = ], ifa=1
nN— oo .
0, if —1<a<l
doesnotexist, ifa<-1
axP+axP '+ +a _x+a
(i) 1im . = PP
X2 boXTHb X7 4. +bq_]x+bq
a
0 .
—, if o=
Bo P=q
= 0, ifp<qg
a .
o, —2>0 ifp>q
b,

(3) Trigonometric Limits

(i) “m_smx =1

x—-0 X

. COSX
lim =1
x>0 X

(ii)

(i) tim 90X _,

(iv)

(v)

(vi) lim -

Some Useful Expansions
3 5

X X
(i) sinx=x- ETTI
2 4
. X X
(II) cosx=1- o1 + a0 —..toe
3
(i) tanx=x+X_ + %x5+...to<>o
(iv) sin"'x = x
2.3 1242 2 32 22
SR VAN ot 1
3! 5! 7!
v) (sin7x)?
(v) (
2 2 42
=2 e 22 50 227 el toe
2! 4! 6!
3 5
x> x
i -1 = -+ — - oo
(vi) tanx =x 3 g ~-toe
(4) Exponential and Logarithmic Limits
-1
0 =t
. _a¥-
3 _ ,
(ii) lim = log, a,a>0
X X
o - a
| = =
(iii) lim =— log, (bj' a,b>0
(14x)" -1
(iv) lim-——— =n
xX—0 X

(v)

n
. 1
im|l+—| =e
n—-0 n

1/h

(vi) Ilgg) (1+ah) —ea
.
(vii) 1im 29X ~ o (m>0)
X x
 lagyiex) _
(viii) lim =log_ e (a>0,a=1)
x—0 X
(ix) lim gj
x—0 X
(x) lim 1+]— = here f (x) 0
x) lim ) = e, where f (x) - = as x — 0.

(xi) Iimo(1+f(x)]/f(x) = e, wheref(x) > 0asx— 0
X —

Some Useful Expansions

2 3
(i) =1+ X 4 X X
1! 2! 3!

.to e

. X = _1 X _
(ii) e ! 1! * 2! 3! *



x? X3
(iii) log. (1+x) =x——+ = — . toew, -1<x <1
e
° 2 3
2 3
(iv) log. (1-x) = —x- 2 =X _ tow -1<x<]
g
° 2 3
(xlogcv)2

(v) ox=exo9e=1+xloga + +..t0 .

2!

n(n—])
2!

(vi) (1+x)n=1+nx+ X2+ . 10w, -1 <x<1,

Note

(i) if )!i_r];f(x) =A>0and lim g(x) =B, then lim [f(xﬂg(x) - A

X—a X—a
(i) If Ii_r)rgf(x) =land lim g(x) =, then

lim g(x)| f(x)-
im |:f(X):|g(X) _ ex—>ag( )[( ) 1}'

X—a

@
Q

EVALUATION OF LIMITS USING
L'HOSPITAL’'S RULE

flx) _

(i) (%) form: If Jmf(x) =0and )!I_I’)T(IJ g(x) =0, then )!'_r;r; g(x)

f’(x
lim ( ) , provided the limit on the R.H.S. exists.
X—a g’(x)

Ly (oo . . - f(x)
(ii) | — | form:If lim f(x) = and lim g(x) = o, then lim
(o] X—a X—a X—da g(X)
o fx) - j
= |lim ——, provided the limit on the R.H.S. exists.
X —da g (X)
Note: That sometimes we have to repeat the process if the

[e e}

.0 .
formis 0 or — again.
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Continuit . -
y Differentiability
gjopg:;gggtoyrgzl?uiggggnog Sﬁf)s%tpo(f):}?: real numbers & let ¢ be a point in the A function f is said to be differentiable at a point ¢ in its domain, if its left hand & right
domain of f. Then f is continuous at c if :qnd o:erivatives exist at ¢ are equal.
. ereatx =c,

Left Hand Derivative,

lim £(x)= f(c)
SLROmRe L‘H‘D.=Ij‘m%=u’(c)

Continuity of a Function in an Interval

Suppose f is a function defined on a closed interval [a, b], then for f to be continuous, it needs to be Right Hand Derivative,

continuous at every point in [a, b] including the end points a &b.
RH.D. = lim K%ME)_= Rf (c)

Continuity of f at a, lim f(x)= f(a)

e Theorem: If a function f is differentiable at a point ¢, then it is also continuous at that point. Therefore, every
Continuity of fat b, lim f(x)= f(b) Ldifferentic:ble function is continuous, but the converse is not true. y

X—b"
A function which is not continuous at point x=c is said to be discontinuous at that point

v
Let u, v be the functions of X.
) ) (1) Ssum and Difference Rule (u + v) = u + v
Theorem 1: SUppOSG f & g be two real functions continuous (2) Leibnitz or Product Rule (uv) —uv+uv
at a real number ¢, Then (3) Quotient Rule <L>= dv-uv
\Y Vv

(1) f + g is continuous at x=c  (3) f.g is continuous at x=c
(2) f-gis continuous at x=c  (4) f/g is continuous at x=c,

(provided g(c)=0) , N
Chain Rule
If y is a function of u, u is a function of v & v is
a function of x.

Theorem 2: Suppose f & g are real valued functions such that (fog) is
defined at c. If g is continuous at c& if f is continuous at g(c), then
(fog) is continuous at c.

dy dy_ du_dv

Then g ~au™av* ax
An equation of the form f(x, y) = 0 in which y
Derivative of Implicit Functions
Let y=f(x, y), where f(x, y) be an implicit function of x &y. \_/ DI F F E R E N TIAB I L I TY

(" ) \ J
is not expressible in terms of x is called an
Firstly differentiate both sides of equation w.r.t x

Implicit Functions
implicit function of x & . /.-\ CONTINUITY AND
Then take all terms invoIving% on LH.S. & remaining terms on

R.H.S. to get the required value.

\ J
Logarithmic Differentiation is a very useful technique to
Differentiation of Inverse differentiate functions of the form f(x)=[u(x)]'®, where
Trigonometric Functions f(x) & u(x) are positive.
£(x) Domain of f We apply logarithm (to base) on both sides to the above equation & then
differentiate by using chain rule, in this way we can find ' (x). This process
sin'x —— (-11) is called logarithmic
i(ex> =e, M (log x) = 1 a9 y- a*log a
cosx I (1) dx dx X dx
a Ny

Derivatives of Functions In Parametric Form
The set of equations x = (t), y = g(t) is called the parametric form of an equation.

Here, ﬂ: dy / dt r g(®)
dx dx/dt f(t)

d
Here, d—z is expressed in terms of parameter only without directly involving the main variables.

dy

cosec’X ,
Lety = f(x), then ol f(x)
X

If f'(x) is differentiable, then we may differentiate
it again w.r.t. x & get the second order derivative
represented by:

~
d/[d 2 " "
Mean Value Theorem () or &Y o (x) or Doy ory ory,
If f: [0, b] =R is continuous on [a, b] & differentiable dx \ dx dx?
on (a, b). Then there exists some c in (q, b) such that
f(o)= LB M) r : )
Rolle's Theorem
4 If f: [a, b]—R is continuous on [a, b]& differentiable on (a, b)
Eid
such that f(a) = f(b), then there exists some c in (a, b) such
thatf (c) =0
{a} fic) fib):
< O a b ¢ X
R
¥ In the above graph, the slope of tangent to the curve at least at one point becomes
The Mean value Theorem states that there is a point c in (a, b) such that zero. The slope of tangent at any point on the graph of y = f(x) is nothing but the
the slope of the tangent at (c, f(c)) is same as the slope of the secant Lderivotive of f(x) at that point. )
between (q, f(a)) and (b, f(b)) or there is a point c in (g, b) such that
the tangent at (c, f(c) is parallel to the secant between (q, f(a) & (b, f(b))
L _J
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DERIVATIVE OF AFUNCTION J

Derivative at a Point
The value of f ‘(x) obtained by putting x = @, is called the

- . dy
derivative of f (x) at x = a and it is denoted by f ‘(a) or -
x=a

Standard Derivatives J

The following formulae can be applied directly for finding the
derivative of a function:

1. (sin x) = cos x

dx
2 9 (cos x) = —sin x
ax
3. 9 (tan x) = sec?x
ax
d
4. — (cot x) = —cosec? x
ax

5 9 (sec x) = sec x tan x
dx

6. & (cosec x) = —cosec x cot x
dx

d
7. a(e)—e
d
8. — (o) =a*log_a,a>1
= () g
d
— =— x>
9. o (log, x) , x>0
d
10. — (x") = nx"~!
dx( )
. i(sirr]x): ,—1<x <
ax 1-x2
1
12 i(cos“x)=— ,—1ex <
1-x2
13 i(tan*x)z ! —00 < X < o0
" dx 1+x2 '

14, q (secx) = ; x| >1
ax [X[Vx? =1

d N -1
15. ™ (cosec™x) = —|X|\/>Z x| > 1

1
(Cot—1x) = — ]+X2 , — <X < oo

dx
d o X
17. W (Ix]) = " or7,x¢0.

RULES FOR DIFFERENTIATION J

1. The derivative of a constant function is zero, i.e, di (c)=0.
X

2. The derivative of constant times a function is constant times
the derivative of the function, i.e,

9 o t}=c = W}

3. The derivative of the sum or difference of two function is
the sum or difference of their derivatives, i.e,

D409+ g0 = {7 (= S fgo

Note: In general, if f, (x), f, (x), .. f, (x) are n differentiable functions, then we have

d d d d
™ [(FO)=f()x.=f (] = > [f, 0] £ = [f, 0] £ .. £ = [f, 0ol

PRODUCT RULE OF DIFFERENTIATION

If f (x) and g(x) are differentiable functions of x, then

% [F (x) g(3)] = £ (x) g'(x) + g(x) F(x).

% [ 00 g(x) h(3)] =7 (x) gx) h(x) + () g'(x) h(x) + F(x) g(x) h(x)

Quotient Rule of Differentiation

If f (x) and g (x) are two differentiable functions of x, then

d !f(x)] _ 9 (x)-flx)g'(x)
dx | g(x) [9(x)]

Differentiation ofaFunction (ChainRule)

If y is a differentiable function of u and u is a differentiable
function of x, then

dy
ax

:dy X

adu

au
ax

Key Points on Chain Rule

1. The chain rule can be extended further as:
If y is a function of u, u is a function of vand v is a function

of x, then
dy dy _du %
e X - X o and so on.
2. If y = u", where u is a function of x, then
dy — dy X du — nuﬂ—] X d_u
ax du dx ax
|:d_y nun_]:|
du
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DERIVATIVE OF PARAMETRIC

Q FUNCTIONS

Ifx =f(t) andy = g (t), then
dy/dt _ F(t)

dx/dt — g'(t)

dy _d (dy) _d fdy), dt _d fdy)ox
dx? dx (dx dt {dx ) ax ~dat \ax ) at

DIFFERENTIATION OF A FUNCTION WITH
RESPECT TO ANOTHER FUNCTION

dy _
ax

And

Q

If y = f (x) and z = g(x), then in order to find the derivative of f (x)
w.rt. g(x), we use the formula

dy/dx  F(x)

~dz[dx  g'(x)

dy _

az

Q

Properties of Logarithms
1. log, (mn)

LOGARITHMIC DIFFERENTIATION)

=log, m +log_n

2. log, [%] =log, m —log, n

3. log, (M)"=nlog, Im|
4. log, e =
log, m
5. log, m = Io%e =
e

Shorter Methods of Finding the Derivative of a
Logarithmic Function

[F ()]st
above, we can also apply any of the following two methods:

Method 1

Step 1. Expressy =
[ ox = exlogo]

Ify = X then to find Z—Z in addition to the method discussed

e9(x) log f (x)

[ (x)]e®0 =

® dy

Step 2. Differentiate w.r.t. x to obtain oix

Method 2

Step 1. Evaluate

A = Differential coefficient of y treating f (x) as constant.
Step 2. Evaluate

B = Differential coefficient of y treating g(x) as constant.

d
& _p+B.

Step 3. oix

Q

Important Substitutions to Reduce the Function to
a Simpler Form
Expressions

DIFFERENTIATION OF INVERSE
TRIGONOMETRIC FUNCTIONS

Substitutions

Ja?—x? Putx=asin®orx=acoso
m Put x = a sec 6 or x = a cosec 0
\/7 Putx=atan 6 orx=acote
Z;); or 9% Putx=atan o
\/; \/m Putx=acos 6
a’+x° Put x> = a?>cos 6
Q DIFFERENTIATION OF A FUNCTION J
GIVEN IN THE FORM OF A DETERMINANT
flx) g(x) hix)
fy=[p(x) alx) r(x)| then
ulx) vix) wix)
ay 1) glx) blx)\f(x) glx) hix)) [f(x) g(x) hx)
ax ~|Px) alx) r(x)|lp(x) a'(x) r(x)l+lp(x) alx) r(x)
u(x) vix) wix) Julx) vix) wx)] ulx) v(x) w(x)

Note: The differentiation of a determinant can be done in
columns also.



APPLICATION OF DE

RIVATIVES

1. Common application of derivatives.
* Finding Maxima and Minima, and Point of Inflection
« Determining Increasing and Decreasing Functions

* Finding Rate of Change of a Quantity
* Finding the Approximation Value
* Finding the equation of a Tangent and Normal To a Curve

(2) Approximations

Assume we have a function y = f(x), which is defined
in the interval [, a + h], then the average rate of change in the
function in the given interval is (f(a + h) - f(a))/h
Now using the definition of derivative, we can write
(a) f(a+hg—f( )

which is also the instantaneous rate of change of the function
f(x) at a. Now, for a very small value of h, we can write

f'(a)~(f(a+h)-f(a))/h

=li
h—0

(4) Increasing decreasing
functions.

Properties of monotonic functions :

(1)1 f(x))is continuous on [a, b] such that f (c) > 0 for eachc,
then f(x) is monotonically increasing function. Similar definition
goes for monotonically decreasing function.

(2) If f(x) is strictly increasing function on [a, b] then f(x) exists
& is also strictly increasing on [a, b]. Similar result follows for
strictly decreasing functions.

(3) If f(x) & g(x) are two continuous & differentiable functions,
then we can relate fog (x) & gof (x) by the following table

f(x)

. . . fog/gof
+ denotes increasing function o090

— denotes decreasing function

o+ o+

9(x)

A point of inflection is point where the curve changes its shape from
convex to concave or from concave to convex.

(7) Point of inflection

(3) Equations of tangent & Normal

- Equation of tangent at (x, y,):y =y, = (?
X

« Equation of Normal at (x, y,):

dy

. YI= (_&j(xl,yl) (X_Xl)

Point P, R T are points of local maxima
Point Q, S are point of local minima

Global maxima, global minima
Maximum = max {f(a), f(c)), f(c,)..f(c.), f(b)}
Minimum = min {f(a), f(c)), f(c,)..f(c ), f(b)}

C, C,... C, are n critical points.

q>, (tem :Find the critical points of the function by putting f(x) = 0 \ Case 2:x = ais local minima
o Step 2: For each of the critical points obtained in step 1 do the following : if the sign of f(x) changes from - to + as x passes through a
)
Casel1:x = ais local maxima

U L) m \ [Fen >0

> ) If f(x) changes from + to - as x passes through a " P \\

© T

- n

(O] Iq_, /—\ Case 3: There is no sign change across a this means that x = a is neither a
(@] + - S I point of maxima nor minima. , .

=) ¥ I— a — i ::l-\‘».l

w S ./ Fr=o ) =0 ‘l"-\-..__

= x=a i : | ren—
© I "

\

J




(8) Higher Order Test

Let f be a differentiable function on interval | & let ¢ be any point
in the domain of f such that
(1) f'(c)=t"(c)=t"(c)...=f"*(c)=0 and
(2) f"(c)=0 and exists.
n o ,
then if n is even {f (c)<0=x=cisalocal mamma}

f"(c)>0=x=cisaloca minima

(10) Lagrange's Mean Value Theorem

If a function f defined on the closed interval [a, b], is

1. continuous on [a, b] and

2. derivable on (o, b), then there exists atleast one real number
c between a and b (a < ¢ < b) such that

o

T g, oy

Atb. f(B))

=y

—

-
—

f(c) = f(b) - f(a)
b

-a

“""'.
£
T’

[ S

|rmmm e ———

| o =

-
-

Geometrical interpretation

The theorem states that between two points A and B on the
graph off there exists atleast one point where the tangent is
parallel to the chord AB.

(12) Angle of intersection of two Curves

The angle between the tangents to the two curves at their point of

intersection.
(dYJ (dYJ
o), Ldx ),

Let c & c, betwo curves.
dy
(), (&)
dx J, \ dx /.,

= tané,
m = teng, =¥

chl Angle of intersection, 6 =tan”

(13) orthogonal Curves (14) subtangent & Subnormal

If the angle of intersection of two
curves is a right angle, the two
curves are said to be orthogonal.
if the curves are orthogonal,

(o) (@)

Length of Tangent =¥, [1

Length of Normal =

Length of Subtangent =y,

(&,

(Projection of tangent )
Length of subnormal =

(Projection of normal)

(15) Leibnitz-rule

d

dx [ s

(9) Rolle’'s Theorem

If a function f defined on the closed interval [a, b], is

1. continuous on [a, b],

2. derivable on (a, b) and

3.f (a) = f (b), then there exists atleast one real number ¢ between
aandb (a<c<b)suchthatf'(c) =0

Geometrical interpretation

Let the curve y = f (x), which is continuous on [a, b]
and derivable on (g, b), be drawn.

= =
=

uh______
L
b

| | TS
T,
-
£
N

B
]

The theorem states that between two points with equal
ordinates on the graph of f, there exists atleast one point
where the tangent is parallel to x-axis.

-
=

Algebraic interpretation
Between two zeros a and b of f (x) (i.e., between two roots a and b of f (x) = 0)
there exists atleast one zero of f '(x).

Key Points to Remember

1. The value of ¢ may not be unique i.e, there can be more than one such c.
2. Every polyonomial function is continuous and differentiable for all real x.
3. The function log x is continuous on (0, ).

4. |x - al is not differentiable at x = a (e.g., Ix| is not differentiable at x = 0).
5. If the derivative of a function has finite and unique value on an interval,
then the function is derivable on that interval.

(11) Parametric coordinates

(1) x2*+y2*=a?3:x=acos®0 ,y =asin®0 .
(2) Vx+\[y=va:x=acos*6, y=asin*e

n n
(3) X—n+%:1:x =a (cos 0 )ny = b(sino )"

(4) c2(x2 +y2) = x?y2:x =csec @,y = c cosec 0

(B) y2=x3:x=t2,y =t

(16)Extrema of discontinuous Functions

1. Minimum of discontinuous Functions :

For Minimum atx = a
f(a) <f(a + h)
f(a) < fla-h)

2. Maximum of discontinuous Functions:

For maximum at x = a
f(a) > f(a + h)
f(a) > f(a-h)

3. Neither Maximum nor minimum exists:
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Indefinite Integral

Let f (X) be a function, the family of all its primitives (or antiderivatives) is called the indefinite integral of f (x)
and is denoted byj f (x)dx

1. Standard Intergrals

. n Xn+l . 1 X X . X _ a iNxdx = — C . :
(i) [ x dx=n+l+C,n¢—1 (ii) I;dX=|09|X|+C (iii) [e'dx=€‘+C (iv) [a dx—@wtc (v) [sinxdx=—cosx+ (vi) [cosxdx =sinx+C
(vii) [ sec’xdx = tanx +C (viii) [ cosec?xdx = —cotx +C  (ix) [secxtanxdx =secx+C  (x) [ coseox cot xdx = —cosecx +C (xi) [cotxdx =log|sinx |+C
1 . X
(xii) [tanxdx =log|secx|+C  (xiv) [cosecxdx = log | cosecx — cot x | +C (xv) ['seoxdx = log| secx+ tanx | +C (i) J =t =sn| 2 J+C
gl I a-—Xx a
1 4 x g 1 1, 4(x 1 1 X o1 — oot 2
(XVii) I_\/ﬁdx = CO0S l(gj-ﬁ-c (XVIII)IWdX:atar] l(gjﬁ-c (XX) J‘mdngsec 1(5J+C (XIX) ,[ a2+ x2 dx aCOt (aj+c
1 1 X
3 [-————dx ==cosect| X |1 C
(xxi) | o X = cosec (aj+
o ° o o 3.
. . . 2. Integratlon USI“g Partial Fractions Integration By Parts 4.
Integration By Substitution A B
. px+q b . pX+q A B du
(i) 0 P (i) 5 = - 5 [u-vax =ufvax — [| =—=- [ vdx dx
Expression Substitution (x-a)(x-b) x-a x- (x-a)? x-a (x-a) dx
aZ+x? x = atané or acoté (i) PX+ X+ T __A + B + ¢ Follow ILATE
. o ) (x-a)(x-b)(x-c) x-a x-b x-c
a®—x X = asind or acos
2
x* —a’ X = asecé or acosecd (iv px_+oX+r _ A + B + C
(x—a)?(x-b) x-a (x-a)? x-b

a—X or a+X X = acos26
a+x  "Va—x pC+gx+r A Bx+C
(v) +

(x—a)(x2+bx+c)_x—a X2 +bx+c

X—a or,(x—a)(x- B) X = ac0s?0 + fsin?6
B=x where x?+bx+c cannot be factorised further.
5. QUIK LOOK
j dx 1, XZ& . c dx 3 X 5 & 7 2
)(Z_a2 2a X+a . J.\/mZIOg‘X+ X"+ a +C . X2_a2d)(:E Xz_a2_7log‘x+ Xz—az +C
i j%:ilog—aﬂ +C , J@ i = X7 1 E [ X
a’-x" 2a “Ja-x - Je[fe)+ 00 Jdx=e () +C + [V -x X=oNa =x"+—8n| — ]+ C
2
adx > 2 ,lxzzdzﬁzza_l‘ 2, 22|+ C
. = N C , +a‘dx==/x°+a’+ —log|x +/x°+a’|+
J o 09‘“ Ll o X () + () Jax = xf (x) + C 2 2
Integrals of different forms: 6 .
(Ufsinmxdx,jcosm xdx, where m< 4
i : @ [+ D tog 1 +c @ [rreop o= T oL
express SiN™ xand cos™ Xin terms of sines and cosines of £ (%) =109 I{ (9} (%) X—?,m’f—

multiples of X by using the following identities:

_ . 1+ cos2x
() Sin®x= 1-c0s2x (i) cos x =" (5)Itanmxsecznxdx, I cot™xcosec?"xdx; m,n e N
(i) SiN3x=3sin X—4sin®x  (iv) cos3x = 4cos® x— 3cosX Put tanx =tand sec’xdx = dt
(2) _[si nMx cosnxadx, _[si nNMX sin Nxax, jcosmx cosnxdx
(G)Ignmxcos“ xdx,mne N

use the following trigonometrical identities:
If the exponent of sin xis an odd positive integer put cosx =t

2sin AcosB =sin(A+ B)+sin(A-B);2cosAsinB=sin(A+ B) -sin(A-B) _ o ,
. . If the exponent of cos x is an odd positive integer put sinx=t.
2cos AcosB = cos(A+ B) + cos(A— B); 2sin Asin B = cos(A— B) —cos(A+ B)



(7) ISinmXCOS" xdX, Where m,neQ m+nis a negative even integer

Change the integrand in terms of tan Xand sec” X by dividing numerator

and denominator by cos* X where k = —(m+n) then put tanx =t

pX+q
9
(9) ax’ +bx+c

To evaluate this,

PX+q = ﬂ{di(axz +bX + C)}-F,U I.e. px+q=A(2ax+b) + u
X

() J‘idx where p (x) is a polynomial of degree two or more
ax’ +bx+c

to evaluate this, Writej‘édx IQ(X)dX+ ILX

ax’ +bx+c ax’ +bx+c

(13)_[ x,j 1_ dx,f ! dx
asmx+bcosx a+bsinx a+bcosx
j - 1 dx

asinx+bcosx+c

2tanx/2

1+ tan? /2ond, COSX =
+an” X

To evaluate this, put SiNX =
and simplify.

ax

(15)_[6 SiandX:m

(17) I( PX + q)v ax® + bx + cdx

In order to gvaluate this, write
pX+ (= ﬂpd—(ax2 +bx+ C)+,u i.e. px+0q=A(2ax+b)+ u
X

1
(ax+ b)\/px2 +OX+T

dx

(20)]

putax—i-b:%

1-tan®x/2
1+tan®x/2

(asinbx—bcosbx) +C

(@) I(axz er)\/cx2 +d

7D N
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(8) [~

ax’ +bx+c
express ax® + bx+ ¢ as the sum or difference of two squares.

(10) J. (px+ g)vax® + bx+ cdx

In order to evaluate this, write
pX+q = Ad (20 +bx+c)+ p i€ px+q = A(2ax+b) + u

1 1
(12) dx, dx
J.asin2x+bcoszx ja+bsin2x
J ! 2 dX,I : 1 de,j - 21 5 dx
a+bcos” x (asinx+bcosx) a+bsin® x+ccos” x

To evaluate this type of integrals, divide numerator and
denominator both by cos” X

asin x+bcosx
(14) [ == dx
cSin X+ d cosx

To evaluate this, write Numerator
= A(Diff. of denominator)) + x(Denominator))

(acosbx+bsinbx)+C

(16) J.e cosbxdx = D

1

1
18 dx
( )'[(ax+b)«/cx+d (]Q)J‘(ax2+bx+c)\/ PX + q
put cx+d =t? put px+q=t?
1 —tdt

dx
(22)J- a+ bt )\/c+ dt?

1 .
put x=¥ to obtain

Reduction formulas

(1) Reduction Formula for Exponential Functions
Lo

.« [e™ I xdx=—[e™/ (n—1)x“-1]+[(m/ n-1)[e™/ x"ﬂdx, n=1

. I x"e™dx = [(1/ m)x"e™

(3) Reduction Formula for Logarithmic Functions

X"n™  m .
. Ix”lnmxdx: - Ix”lnmlxdx

n+1 n+1
m m m-1
Ilnnx:_ In Xn1+ m J-I nxdx,n;tl
X (n-Dx" n-17 x

(4) Reduction Formula for Inverse Trigonometric Functions

n+1
1arcsmx—— —dx

n+1 \1— X

. jx“arcsinxdx_
n+

n+l

1arccosx+— —d

+17 \J1- x?

1arctanx—— —dx

n+17 {1+ x?

. J. X" arccos xdx =
n+

n+

-Ix“ardanxdx_ -

(2) Reduction Formula for Trigonometric Functions

n"?(x)dx

—Sin"*(x) Cos(X) N _1ISi
n

* [sin"(x)dx = -

. j X" cos(X)dx = X" sin(x) —n j X" sin(x)dx

. _fx” sin(x)dx = —x" cos(x) + nj X" cos(x)dx

n+1 ( X) COSm -1 ( X)

- [sin"(x) cos™(x)dx =

n+m Them
_[ dx COSX (n 2)J~ dx
sn"x  (n-1sin iy (n-1)
,[ dx sinx (n 2)_[ dx
cos’x (n-1)cos""x (n 1) J cos™

J| tan” ()= 29 [tan™2(x)clx
n-1

dx

substitute C+ dt? = u?

J'sn (X) cos™?(x)dx
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(5) Reduction Formula for Algebraic Functions

N dx —2ax-b _ 2(2n-3a i dx - '[ dx  _ X L 2n-3 ,[ dx Nl
(aszrbx+c)n (n—l)(b2—4ac)(ax2+bx+c)n’1 (n-1)(b* - 4ac) (ax2+bx+c)n71, (x2+a2)n 2(n—1)a2(x2+a2)n71 2(n-1a’ (X2+a2)”*1’
dx X 2n-3 dx
.»[ 2 2\ 2(v2.2\"1  2(n—1 2»[ 2 2”*1’n¢1
(x¥*-a%)  2n-Da*(x’a’) (n=Da" " (x* -a?)
8.
Derived substitutions:
A. Algebraic Twins
) , 2 2 4l -1 S S VY S S
2 g [ X g [ X Ty J—dx = —dx- S —dx (X rkd) (X 1k
11 11 N Rk X +1 X +1 X +1
B. Trigonometric twins
1 1 +sin X+ cosXx
. dx, dx, - dx.
) IJtan XdX’I\/COt xax, I( ) J'( Ia+ bsinxcosx

sin® x+ cos” x sin® x+ cos® x)



Definite Integral As The
Limit Of A Sum

§

_[ f(x)dx = I|m[f (@ +f(a+h)
+———+f(a+ (n=1h)]

h=ﬁ_>oqs n— oo

n

The above expression is known as the definite integral as the
limit of a sum.

Walli's formula

()

Definite Integral

@ Properties Of Definite Integrals

6 [CFedx = [ (t)e

@ [f (0ax = ['F (a-x)dx

{

(V)] f (x)ax = 2, 'F (x)olx
iff (x)is an even function

(vii) [, ()ax =0,
if f (x)is an odd function

(vii) [ (ax = [F () + [ F (28— x)dx

(i) J:)f (x)dx = —I:f (x)dx in particular J':f (x)dx =0
Gif) - F (x)cx = [°F () + [ *F (x)cx where a<c<b
(V) [ F(0)dx = [2f (@+b—x)dx

=0,if f(2a—x) =-f(x)

~

(i) [ ()dx = 2] F (x)ax if £ (2a-x) = (x)

Periodic Properties

4.

§

3.n=5 2 when n isodd (x)
p p oA 9’ If f(x) is a periodic function with period T, then
.> IIZSinnXdX=IIZCOSnXdX= n n-2n-4""3 P P
0 0 n-1 n-3 n-5 31~ .
. . —  whenniseven
n n-2 n-4 4 2 2

©2 o _(Mm=-)(m-3)...(n-H(n-3)....
.> IO Sin"xcosxdx= (m+n)(m+n-2)...(2or 1)

[If m, n are both odd positive integers or one odd positive integer]

.> I”’zsin"‘xcos“ sl — (Mm-DY(m-3)............ (n-H(n-3) =
0 (m+n)(m+n-2)...... (2ory) 2
[If m,nareboth even positive integers]

. I:)Tf(x)dx:nﬂf(x)dx,nez\
[*"f (x)ax=n[ f (x)dxneZ,acR
ImTf( x)dx=(n- )If x)dx,m,n e Z \

. jT X)dx=["f (x) dxneZaeF\x\

%

Advance properties

§

w(X)<

;m< f(x)<M fora<x<b, then g If f(x)>00N [a,b]then
> Ibf(x)dx‘sfb f (x)|dx
\m(b—a)SIgf(x)dst(b—a) 4 a a f:f(x)dxzo

Leibnitz Theorem

Q

h(x)
F (X) - -[g(X)

§

f(t)dt, then

if I'n= J e”x"dx Dr(0)=w,r(1)=1
where n is a positive rational
dF (X) number

=h (X f (h(x))-g (X f (9(x))

Gamma function

f(x)<g(x) fora< X< b then [oy (x)dx<[2f(x)dx<[24(x)

Beta & Gama Function

Q

{

Properties of
gamma function

Beta function
A(m,n) = E X" (1-x)" dx




/ ar' -y Ir 1 \
1 0 -0 0 0
' e +e ! e —e
InGp, sumof n terms,s= s, = an, r=1 cosh & :—’thé):—
a(l—r”) 2
) ke
1-r

Sna+sin(a+1p) +sin(a+26)+ —+sin(a+(n— 1),6’)—8mr((rf//§)sm(a+(n DS12). \

\ cosa +cos(a + ) + - + cos(a + (N— 1),8)—&'8/2 cos(a+(nN-1) 5 /2)

1,11 1 1 1 1 o
22 ¥ 4 5 6 32+42+°"°O—€

1,11 7 cosg_ & e o € e
22§ e 24 2 T2

[1/12+1/32+1/52+1/72+...oo:7r2/8]

If f is a continuous function on [q, b], then its average value on [g, b] is given by the formula

1

o [ f(xax

fAVG[a,b] =

Application Of Integrals

f (x)dx= Areaunder the curve f (x) from atob

D e— T @ — T

f (x)dx=Algebraicareaunder the curve f (x) from atob

Area is always taken as positive. If some part of the area lies in the positive side i.e., above x-axis and some part lies in the negative
side i.e. below x-axis then the area of two parts should be calculated separately and then add their numerical values to get the desired area



(i) Area of the region bounded by a curve y

= f(x) and x-aixs between the two ordinates

=
p=fix v ¥
- — R p=d
o ™~ —
sl I
¥ X' >N
) x-.s. 7= fix) -
Neg—w ™ o X v X
v If the position of the curve under consideration is d d
Areq, A = deA = J'bydx = be (x)dx below the x -axis. Then, area is negative. So, we Areq, A =J' xdy
a a a take its absolute value, i.e, b ¢
Area(A) = J'af(x)dx
. YA
AY \ v, =g (x)
r“” 'k E e el
L] iz f/rﬂ/'l_* =/(x)
JiE
: A= =Y
v
Y A=d x=¢ X Y' x=a x=h

A= [ Oxdx+ [ g(x)dx

7D N
A\ "4

CASE-IV

& ¥ =fix)

¥y =gx)
s

the two ordinates

A = [[g(x) —f ()]dx

e

(ii) Area of the region bounded by a curve x = f(y) and x-aixs between

y=u

b= 2t}
X——
X W
If the position of the curve under consideration is below
_ fdg(y)dy the y-axis. Then, area is negative. So, we take its absolute
c value, ie, d
Are(A) = g(y)dy
Y& y=g() a
) =S
r=a a=b
A= O =X
y
bt
A = [[g(x) - f (x)]dx
a
: ' » =f(x} '
i =]
1 I |
1 I | I
| i | Y2 =g )
] ] | ]
1 ] | 1
1 I | L}
1 I | }
1 I | L}
] I | ]
T 1 L | 1
i o o ¢ d b )?'
¥
¥

A=y, —y,)ax+3(y, —yy )ax+ (v, —y, ) dx



DIFFERENTIAL EQUATION
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f-ﬂ Order Of Differential Equation

The order of a differential equation is the order of the
highest derivative occuring in the differential equation.
For example

+y=0is a second order differential equation

(-a Degree Of Differential Equation

The degree of a differential equation is the highest degree of the
highest derivative occuring in the differential equation when it

is a polynomial of the differential coefficients i.e., differential

dzy coefficients free from radicals & fractions.

Reducible to the separate variable type

d
d—i =f (ax + by +C) is solved by putting ax + by + ¢ = t, etc

.

(_a Homogenous differential equation

(i) P(x, y)dx + Q(x, y)dy = 0 is called homogenous, if P & Q are homogenous
functions of the saume degree on x & y. Reducible toy'=f [%)

substitute y = xu, u is unknown function. The equation is transformed to
an equation with variable separables.

(ii) _=f Ax+by+c b, -ab, =0, then substitutex=u+h,y =v +k
ax ax+by+c,

if ab, —abb =0,u=ax+ by transforms into a variable separable form.

dy

- A differential equation of the form o f (x,y) is homogeneous, if f(x, y) is
X

a homogeneous function of degree zero i.e, f(tx, ty) = t°.f(xy)

A differential equation of the form ﬂ +Py=0Q

(‘ﬂ Linear Differential Equations / a

« P(x, y) function is homogenous of degree n, if for any real t, P(tx, ty) = t"(P(x, y)).

dx W2 For example
@) o[ dy) . - - - - Since ﬂjux2 dy 3 =0as order = 3
(@ + X s =0 is a third order differential equation. e a2
- d’y
its degree =1, as—=has power 1.
\ dx®
/e Differential Equations With Variables Separable
—=h()-g)
X
Separating the variables, we have % =g(x)-dx
Integrate both S|desj Jg( )-dx

(—a Exact differential equation

M(x, y)dx + N(x, y)dy = 0 is exact if its LHS expression is the exact
differential of some function u(x, y).

du = Mdx + Ndy

Then solution is u(x, y) = c.

The sufficient condition for the differential Mdx + Ndy = 0 to
oM ON

be exactis— =—
oy

OX

The solution of Mdx + Ndy = 0 is

.fyf congant Mdx + j (terms of N not containing x)dy = ¢, provided
oM _oN
8y T X

\.

After linear differential equation

Solution by inspection

dx (1) d(xy) = xdy + ydx
where P & Q are constants or functions of only, is known as a yelx - xdy xdy
First Order Linear Differential Equation. (2) d( j
y(IF) = [(Qx1.F)dx+c
dx 3y d[ ¥ xdy ydx
—+Px=Q
v 2xydx — x°d
x? xydx — x“dy
I.F:efpdy (4) d 7 :T
x(I F)—j( Q xI. F)dy+c
2 2
y 2xydy — y“dx
d — |=———
(5) X NG
/-Q Bernoulli's equation
x?)  2xy?dx — 2x2ydy
O
d Y, Py =Qy" dividing y" — y’n dy v P "=Q  ..(i) y y
y? | 2x?ydy — 2xy?dx
y1—n =7 (7) d 7 = X4
., dz
(i) d—+ (1- n)Pz= (1- n)Q ©) df tantX|oydx-2dy _ d(x/y)
X y) xP+y*  1+(xly)?
Solution is
(1-n)Pdx Y xdy ydx d(y/x)
(1-n)Pdx — —_ . 9) dtan
2o I{(l Q¢ }dx @ o |

(10)

(m)

(12)

(13)

(14)

(15)

(16)

(17)

d[In(xy)]:M
X
)5
y Xy
din(y / x)] = M
Xy
xdx+ydy
d[l/ZIn(x +y )} 1y
d- 1/xy)_Xdy+de
x?
[e"J ye*dx — e*dy
d—|="—"0%—
y y
[e"} xe'dy —e’dx
d—|=—7—
X X

dif o I™" _ fix.y)
1-n (f(x,y)"

> —
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,—Q Orthogonal Trajectory

Any curve, which cuts every member of a given family of curves at
right angles, is called an orthogonal trajectory of the family.

Procedure for finding Orthogonal Trajectory :

(i) Let f(x, y, c) = O is the equation of family.
(i) Differentiate f = 0, w.r.t. x & eliminate c.

. dx d
(iii) SUbStltUte—d—X for d_Z That is the differential equation of

OT. Now, solve it to get OT.
\.

(—ﬂ Clairaut’s equation

Formy = px + f(p)
Method. Differentiate w.r.t. x, we get

{X+f'(p)}£=0

~p=corf(p)+x=0

When p = ¢, the general solution is y = cx + f(c)
which gives a family of straight lines

When f'(p) + x = 0, eliminating p fromy = px + f(p) and
f'(p) + x = 0 we get a solution which is a curve (without
any arbitrary constant) touching all the lines given
by y = cx + f(c). This solution is called the singular solution.

\.

Facts from cartesian curve

(i) slope of tangent at any point P(x,y) _Y

dx

(i) Equation of tangent PQ at (x, y) is Y —y :%(X —X)
X

(iii) Equation of normal PR at (x, y) is Y _yz_g_x(x -X)
y

2
dx
(iv) Length of tangent PQ at (X,y) =|y, |1+ (d_yj

2
(v) Length of normal PG at (X,y) =y, [1+ (j—y)
X

dx
(vi) Length of subtangent QM at(X.y) =‘y-@ ‘

d
(vii) Length of subnormal MR ot(X,y) :‘y'd_i‘

AN

=
-
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@) O Types Of Vectors

1. Zero Vector : A vector whose initial and terminal points
coincide, It has zero magnitude.
2. Unit Vector: A vector whose magnitude is unity. The unit vector

in the direction of dis denoted asA.
3. Coinitial Vectors : Two or more vectors having the same initial point.

4. Collinear Vectors: Two or more vectors are collinear, if they are
parallel to the same line irrespective of their magnitude.

5. Equal Vectors: Two vectors are said to be equal, if they have same
magnitude & direction regardless of the position of their initial points.

6. Negative of a vector : A vector whose magnitude is the same as

that of the given vector, but the direction is opposite to that of it.

7. Position Vector: Let O be the origin & P(X,Y,Z) be a point with respect to
the origin O. Then the vector called the position vector of the point P
with respect to O. oOPis

|OP= /X2 +y2 + 22
- Direction angles: The angles made by OPwith positive direction of x, y, &
Z-axes (soy P &Y respectively).

« Directions cosines: the cosine value of these angles i.e., coso., cosp} & cosy of
OPdenoted by I, m & n respectively.

Properties of Vector Addition

(i) For any two vectors 3 & b, a+b=b+a(commutative property)

(i) For any three vectors a,b, & ¢ (a+b)+c=a+ (b+c) (Associative property)

- v.
if a is multiplied by scalar m then the product mais a vector

whose magnitude is |m|times that of &l & direction is same as
aif mis positive where as opposite to that of a if m is negative.

Multiplication Of A Vector By A Scalar

-m(a)=(a)m « (m+n)a=ma+na

-m(nd) =n(ma) =(mn)a -m(é+5)=ma+ mb.

D _¢;
Dot or Scalar Product of Vectors

Dot product of two vectors a & binclined at an angle 8 is ( -B) =|é”5‘cose

. a-(6+a)=a-b+a-e ]

. If a& b perpendicular, a-b=

. a-b<0 iff angle between @& b is obtuse.

«i-i=1jj=1L k-k=1,i-j=j-k=i-k=0
. If two vectors have same direction then
cosV=1=a-b=ab

- If two vectors have opposite direction then
cosb=-1=a-b=-ab
* If 3 & pare unit vectors, a-b=cosd

.a=aji+bj+ck,b=bji+b,j+bk a-b=ab, +bb, +cb,.

EI !
N—

« Projection of a vector bon the other vector ais given by b-aor b(

+ A vector in the direction of the bisector of the angle

a,b
B [o

« Bisector of the interior angle between two vectors

between the two rectors @& b is

as&bis Q{E+EJ ie., A(a+ b) where 1 e R*& Bisector
a

of the interior angle isx(g—%} is (2 b)
a

g

VECTOR ALGEBRA

Cross product A

Let 4 & b be two non-zero vectors inclined at an angle @
Then, vector product is defined as axb=|a| b|sin6n
where, fj is a unit vector perpendicular to both vectors
a & bsuch that &b & A form aright handed system.

* Lagrange’s Identity:
For any two vectors,b

ol Tl

(axb)?=a’h’-(a-b)%=

o mx
ol

mx

» Formulation of vector product in terms
of scalar product:The vector product
axb is the vector €, such that

CE \/\aF\BF _(a-b)?
¢-a=c-b=0
a,b,¢form a right-handed system.

* Remarks
(a) axb is a vector.
(b) If a& b are nonzero vectors, thenaxb=0« a| b

(c¢) For mutually perpendicular unit vectorsi, j,k,
ixi=jxj=kxk=0

(d) axb=-bxa

(e) If 2 & b represent the adjacent sides of a triangle then
its area is %‘éx B‘

(f) fa&b represent the adjacent sides of a
parallelogram then the area is ‘éx B‘

(g) »(axb)=(ra)xb=ax(1b)

(h) if é=a1f+a2]+a3I2& 5:b1f+ b2]+ b3IA< then|axb|=

HU»—Q') -
NUI\?-’ —>
SR =

i
%
ol

(i) unit vector perpendicular to the plane ofa & b is A=

o
X
ol

* Vector area:

- If 3,b& Gare the position vectors of 3 points then area of A
ABC= E[éx b+bxE+¢x é]A, B, C are collinear iff
axb+bxc+exa=0.

« Area of any quadrilateral whose diagonal vectors are d, & d,

is given by%‘al x az‘
\. J

©) Vector Triple Product:

Vector Triple Product of &, B,é is éx(Bxé).
It is a vector perpendicular to the plane containing
a& bx¢lying in the plane of b & €

(bxc)z( ¢)b- (* )E
axb)xe=(a-c)b(b-¢)
)xé;té ( )

~ Test of Collinearity
O xa+yb+z¢=0[x y, z scalars,x +y + z = 0]

@ ® Test of Coplanarity

xa+yb+z6+wd=0 [y, z wscalars,x +y +z +w = 0]

01
I
sm
sm

/-\
Ul

¢)b
bx

Ol

—_—
p.u
O'l

r
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If a,b,¢ & a,b,¢ are two sets of noncoplanar vectors such that
b

Reciprocal system of Vectors

.b'=¢-c¢ =1then the two systems are called reciprocal systems.

16‘:

o

a

a =

X C

] [

10

Scalar Triple Product/Box Product: [é b é}

Box product of & b,¢ is (ax B) ¢ = abcsindcos)
0 —angle between a& b
¢ — angle betweenaxb and ¢

Box product geometrically represents the volume of the parallelopiped
whose three coterminous edges are represented by 3,b,¢

V=|abc]

L]
1
o]
ol
ol
e
Il
—
!
ol
o
| I

o If @=ai +a,j+a.K, b=b,i +b,]+ bk,
A A oA . & a 8
C=cji +C,j +CK then [é b E]zbl b, b,
G G G
- a,b,care coplanar if [ab €] =0

!

b, ¢ are non-coplanar, then [ b €] > 0for right handed system
b ¢|< 0 for left handed system.

Direction cosines & Direction Ratios

- If amakes angles of a.,B,y with the direction of x, y, z axes, then
cosa., CoSP, cosy are called direction cosines which

a is are usually denoted by |, m, n.

« Any three members a,b,c proportional to the direction cosines of
a line are called direction ratios

I m n
a b c
l=e——2 ., b
2 2 2 = 2 2 2
va +b"+c vas+b“+c
c

n=x=+

T ?+m?+n®=1
JaZ+b?+c?

\. J
2 0
« Parametric vector equation of a line passing through two points
A(a) & B(b) is T=a+t(b-a)
« If line passes through the point A (&) & is parallel to

Vector Equation of a Line

b, then its equation is j = a+tb
« Equation of the bisectors of the angle between the lines,

F=a+Wb8 F=a+pcis F=a+t(b+c) & r=a+p(c-b)

~

Shortest distance between two lines
If two lines ore?l=éi+k5&T2=éz+kB
theno = M
b

14 ‘ i
Equation of Plane

(T —FO) -n =0 containing the point with position vector T,, where n
is a vector normal to the plane.
T -n=dgeneral equation

0%

- Projection of aalong b=

Projection & Component

a-

ol
—_—
i
ol
SN —
ol

=3

Ib
[axb (a-B)b
B

- Projection of a_L b=

.

D

Component Of Vector
z z

k#Clo0, 0

B0, 1,0}
Al 00y

OA,OB & OC are unit vectors along xy & z axes respectively, denoted by
f] & k respectively Position Vector of with reference to O is given by:
OP( or 1) = Xi +Yj + zk.

This form of any vector is called its component form.

Also, (OP) =|T = A/x2 +y? + 22

g

@ Vector Joining Two Points

Let A(X.,¥1,21) & B(X;,Y,,2,) be any two points in the space, then
OA =x,i +Y,]+ 2,k & OB =xX,i +y,] + 2,k
#AB=0B-0A=(x,-X,)i +(Yo-¥1)i+(z,~z )k

|AB = \/(xz —xl)2 +(Y, —yl)2 +(z, —zl)2

18%
Section Formulae

The position vector of a point R dividing a line segment joining
the points points P & Q whose position vectors are

a& b respectively, in the ratio m : n
mb + na
m+n

(i) internally, is given by

mb — na
m-n

(i) externally, is given by

The position vector of the middle point of PQ is given by%(éJr b)

g

Scalar product of four vectors

(8xB).(¢xd) =

1

ol o!
ol
ol

D |
o
Q|

Vector product of four vectors
(axB)x(¢xd)=[ abd |¢-[abc d




1. Direction Cosines of A Line (Dc's) z

The direction cosines are generally
denoted by |, m, n.

Hence, | = cos o, m = cos 3, h = cosY
Notethatl2+ m2+n2=1

3. Equation of Line

1. Equation of a line through a given point with position vector a and
parallel to a given vectorb:

In vector form, T = a + A\b

X=X _Y-%_2-%

In cartesian form, 5 S

where, r = xi + y] +27K A= xlf + yj + zllA<,B =a+ b] +ckHere, 0, b, ¢ are also
the direction ratios of the line.
2. Equation of a line passing through two given points with position vectors
‘aandb:
In vector form, T =a+ 7\.(5 -3)
X=X _Y=Y1 _
X=X Y2= Y1

r=Xi+yj+zk

z-2, SRR G
where, a=x,i+y,]+zk
z,-2, JUTAN

&b=x,i+y,j+2z,k

In cartesian form,

5. Shortest Distance Between Two Lines

1. Distance Between Parallel Lines the shortest distance between parallel lines
Lo =~ L. = bx(a, -2
|_1: § :ai+7\,b0nd L,:T=a,+ub IS dz%

2. Distance Between Two Skew Lines In vector form, The distance between
two skew lines
r=a+Ab &r=az+pbs
o |(Bxb) (2 -a)

‘ |qu| ‘

In cartesian form, ]
The distance between two skew lines :

X=X Y% _274 gng X=X _Y=Yo _ 272
h b, G a, b, C,
Xo=Xy Yo=Y 2,74

N b, 1
de a, b, C,

\/(bICZ - b2C1)2 +(ca, - C2a1)2 +(ab, - a2b1)2

8. Equation Of A Plane Passing
Through Three Non-Collinear Points
Vector Form B B
[Fb&] +[Fab] +[Fca] =[abc]or (F —&) [0 — &) x (S —&)] =0
where, 5,5,6 are the position vector of three given noncollinear points
through which the plane passes.

Cartesian Form
The equation of plane passing through three noncollinear points Y with
coordinates,(X,,Y,.2,) (X,,Y,:2,) &(X3,Y5,25)is given as:

X=% Y=Y Z-Z

%=% Y=Y 2Z-2z|=0

=% Ys=Y L-Z

2. Direction Ratio of A Line (Dr's)

* Any three numbers g, b and c proportional to the direction cosines |,
m and n, respectively are called direction ratios of the line.

» The direction ratios of a line passin% through two points P(x, y, z) and
Q(le Yo 22) are (Xz_ X])’ (Y2_ Y1)' (22— Z

Jom_n
a b c
=+ a ,m=+ b andn=+—— %
Ja? +b2 +¢2 Ja? +b? +¢2 Va2 +b? +¢?
4. Angle Between Two Lines
In vector form, The angle between two lines r=3, +1b, &r=a, +ub,is given as:
cosO = @
i
In cartesian form, The angle between two lines :
X“X YN _ 274 qq XX Y=Y 272 iSCOSG=| aa, +bb, +cc, |
a b g a, b, ¢ a2 b2+ &3+ b3+ |

- If two lines are perpendicular, thenb, -b, =0 or a,a, + b, b, + ¢,c, =0

If two lines are parallel, then b, =k520rﬁ=&=ﬁ
a b, ¢

<

6. Equation of A Plane In Normal Form

Vector Form

F-Ai=d

Here 1 =xi+yj+zK

N is the unit vector along the normal from origin to the plane.
d is perpendicular distance of the plane from the origin.

<
AN

Cartesian Form
IX+my+nz=d

where ¢, m, n are the direction cosines of n (unit vector along the
normal from origin to the plane).

7. Equation Of A Plane Perpendicular To A
Given Vector And Passing Through A Given Point

) (i
AN

Vector Form
Let a plane pass through a point with position vector § and

perpendicular to the vector N. Then its equation is given as: (7 — &) - N=0

Cartesian Form
Let a plane pass through a point (Xl y121)& the direction ratio of the
vector perpendicular to the plane be A, B, C. Then its equation is given as

A(x-%)+B(y-y,)+C(z-2)=0

9. Intercept Form of The Equation of A Plane

X z
+X+—:1
a b c

Where g, b, ¢ are the intercepts made by the plane on x, y & z axes

respectively.

A N5l
NN




10. Plane Passing Through The Intersection \
Of Two Given Planes
Vector Form
Equation of plane passing through the point of intersection of two planes
r-n, =d, andr-n, =d,is given as:
r-(f,+A4R,)=d,+Ad,
Cartesian Form
fi, = A,i +B,j+Ck

~

n2=A,i+B,j+C,k and r=x +Vj+zk

(%)

therefore its cartesian equation is:
(Ax+By+Cz-d,)+A(Ax+B,y+C,z—d,)=0

12. Angle Between Two Planes

Vector Form: The angle between two planes F n= d1 & r-Ni= d2
is given as: o
n,-n

cosd =
il
Cartesian Form: The angle between two planes
ax+by+cz+d =0and a,x+b,y+c,z+d, =0 isgivenas
cm@:‘ ad +hb +cc |
Vi b e b

- If two planes are perpendicular, then f,-A, =0 or &a, +bb, +cc, =0

- If two planes are perpendicular, then 1, = AR, orl_ by _ &

b c

&

/ 11. Coplanarity of Two Lines

Vector Form i o
Two lines 7 =& + b, and =4, +ub,are coplanar, if (&,-a):(Bxb,)=0

Cartesian Form

Twolines X8 _Y" % _2"2a g X7% _Y=¥ _27% g coplanar, if

b, o) a, b, c,
X=% Y=Y 4%

& b <
2, b, c,

13. Distance Of A Point From A Plane
Vector Form

Distance of a point with position vector A from a planer-n

=0

.

d

[a-f-d|
[}
Cartesian Form
Distance of a point(X;,Y;,2,) from a plane: ax+by+cz=dis given as:

is given as:

+by1+czl—d|

E3
Qa"#b%cz |

14. Angle Between A Line And A Plane

.

Vector Form
Angle between a line

=3+ Abandaplane I'-Ti =dis
b-fi
[b |l

/

Cartesian Form

Angle between a line XTX _Y~h_z74

a by G
a,x+b,y+c,z=d is given as:

and a plane

so_|__ad+hbrae, |
o b+l ad b |
« If line is perpendicular to the plane, then [T = Abor & ﬁ -4

a b g
« If line is parallel to the plane, then n-b=0or aa,+bb,+cc, =0




7D N\

%> v

4%

A REASONABLE PROBABILITY IS THE ONLY CERTAINTY

-E.W.HOW@ g

PROBABILITY

,_ﬂ Probability .

If an experiment results in a total of (m + n) outcomes which are
equally likely and if ‘'m’ outcomes are favourable to an event ‘A’
while ‘n” are unfavorable, then the probability of occurrence of the 1.
event ‘A’ denoted by P(A), is defined by 2.

m  number of favourable outcomes
total number of outcomes

P(A) =

m+n

a Random Experiment

An Experiment is called random experiment if it satisfies the following
two conditions:

It has more than one possible outcome.

It is not possible to predict the outcome in advance.

Outcome: A possible result of a random experiment is called its outcome.
Sample Space: Set of all possible outcomes of a random experiment is
called sample space. It is denoted by symbol 'S .

J

Algebra of Events

« Event AorBor AUB={w:w €A or w B}
«  Event A and B or AmB={w: w €A and w B}
L + Event A but not B or A-B=AnB'

Probability of AUB, A~ Band P (notA)

If A and B are any two events, then
P(auB) =P(A) + P(B) - P(AB)
P(A~B) = P(A) + P(B)-P(AUB)

If A and B are mutually exclusive, then P(AuB) =P(A)+P(B)
Probability of the event 'not A’

P(A") =P(not A) =1-P(A)
A B 2
Al

NS J

,—a Conditional Probability

If E and F are two events associated with the sample space of a random
experiment, the conditional probability of the event given that it has
occured is given as:

P(ENnF) n(EnF)
P(F)  n(F)
Properties of Conditional Probability
1. Let E & F be events of sample space of an experiment, then we have

P(S/IF)=P(F/F)=1

2.1f A and B are any two events of a sample space S & F is an event of
such that

P(F) # O,then P(A UB)/ F) = P(A/ F) + P(B/ F) - P((A N B)/ F)
In particular if A and B are disjoint events, then
P(AUB)/F)=P(A/F)+P(B/F)

P(E/F)= ,P(F)=0

3.P(E/Fj=1-P(E/F)

\. J
Multiplication Theorem
( On Probabilit
For two events E & F associated with a sample space S, we have
(PENP) =P(E) MF/E) =RFPE/F)
provided P(E)=0 & P(F)=0
The above result is known as Multiplication Rule of Probability.
(< J
a Total Probability Theorem
If an even A can occur with one of the n mutually exclusive and
exhaustive events B,, B,, .., Bn and the probabilities
P(A/B,), P(A/B,).. P(A/B_) are known, then
P(4)=2 P(B)P(A|B)
\. i=1 J

— ATy

1. Impossible and Sure Event: The empty set ¢ is called an
Impossible event, where as the whole sample space 'S
is called 'Sure event.

2. Simple Event: If an event has only one sample point of a sample
space, it is called a 'simple event'.

3. Compound Event: If an event has more than one sample point,
it is called a ‘compound event.

4. Complementary Event: Complement event to A = 'not A’

5. Exhaustive Events: Many events that together form sample
space are called exhaustive events.

6. Mutually Exclusive: Events A & B are called mutually exclusive
events if occurrence of any one of them excludes occurrence of
other event, i.e. they cannot occur simultaneously.

7. Mutually exclusive and exhaustive: The events which are not
mutually exclusive are known as compatible events or mutually
non exclusive events. Mutually exclusive and exhaustive system
of events: Let S be the sample space associated with a random
experiment. Let A, A, .., An be subsets of S such that

(i) A N A =g¢fori=jand

(ii) AUA,ULUA =S

Then, the collection of events A, A,, .., An is said to form a
mutually exclusive and exhaustive system of events.

8. Independent Events

(i) If E&F are independent, then

(P(EnF) = P(F)P(E/F) = P(E), P(F)=0P(F/E) = P(F),P(E)=0)

(ii) Three events AB&C are said to be mutually independent, if

(r(anB) =P(A)P(B), P(ANnC) = P(A)P(C), P(BNC)=P(B)P(C) &
P(anBNnc)=P(A)P(B)P(C))

If at least one of the above is not true for three given events, we

\qu that the events are not independent.

J

/—g Baye's Theorem

Partition of a Sample Space
A set of events E,E,,...,E,is said to represent a partition of
the sample space S if
(@) E NE, =g,i#|,i,]=123...n
(b)E,UE,U...UE, =S
(C)P(Ei)>0for alli=12,...n
Theorem of Total Probability. Let{E,,E,,....E,}
be a partition of the sample space S
and suppose that each of the eventsE,,E,,.....,.E
has nonzero probability
of occurence. Let A be any event associated with S then

P(A):Zn:P(Ej)P(A/Ej)
=1

Baye's Theorem: If E, E,..,E, are non-empty events which constitute a
partition of sample
space S & A is any event of hon-zero probability.

P(E)P(A/E)
> P(E )P(AE)

K J

n

P(E/A)= foranyi=123...,n
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/—ﬂ Mean Of A Random Variable

Random Variable & Its
Probability Distributions

A random variable is a real valued function whose domain

is the sample space of a random experiment. The probability The mean (1) of a random variable X is also called the expectation of
distribution of a random variable X denoted by E(X)
X X X e X

E()=u=3xp

Here X;, X,,..., X, are possible values of random variable

PX): pp P, ... Py
where, p; >0, p, =1i=12,...,n

i=1 -

X, occuring with probabilities Py P,s- .., P, respectively.
J

The real numbers X, X,,..., X, are the possible values . o
_ — Variance Of Random Variable
of the random variable X and P, (i=12,...,n)
is the probability of the random variable ie, Let X be a random variable whose possible values X,, X,,..., X,

P(X =X ) -p occur with probabilities D(Xl),D(Xz)---,D(Xn)respectively. Also let
\. | J 1 = E(X) be the mean of X then the variance of X is given as:
Var(X) orof; = " (x, - u) P(x,) = E(X - ) = E(X*)~[E(X)]?

i=1

The non-negative number g, = ,/Var(X) is called the Standard

S Deviation of random variable X

p ﬂ Bernoulli Trials & Binomial Distribution

Bernoulli Trials :

Trials of a random experiment are called Bernoulli trials, if they satisfy the following conditions:
(i) There should be a finite number of trials.

(ii) The trials should be independent.

(ii) Each trial has exactly two outcomes: success or failure.

(iv) The probability of success remains same in each trial.

J

Binomial Distribution :

The probability distribution of number of successes in an experiment consisting of n Bernoulli trials may be obtained by the binomial expansion

(g + p)~where p is probability of success in each trial and p + g = 1. Hence, this distribution (also called Binomial distribution B(n, p) of number
of successes X can be written as:

X 0 1 2 - X n
P(X) ncoqn nC]qn—lpl nczqn—zpz anqn-pr nCnpn
The probability of X successes p(X = x) s also denoted by P(X) is given as:

P(X) :I’l Can—X pX’X:O’:L ...’n (qzl_ p)

This P(X) is called the probability function of the binomial distribution.




