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RELATIONS
AND
FUNCTIONS

KEY CONCEPT INVOLVED

10.

11.

12.

13.

Relations - Let A and B be two non-empty sets then every subset of A x B defines a relation from A to B
and every relation from A to B is a subset of A x B.
Let Rc A xBand (a, b) € R. then we say that a is related to b by the relation R as aRb. If (a, b) ¢R as

aR'b.
Domain and Range of a Relation - Let R be a relation from A to B, that is, let R — A x B. then Domain
R={a:ae A, (a,b) eRforsomeb € B}i.c. dom. Ristheset of all the first elements of the ordered pairs
which belongto R. Range R=(b:b B, (a, b) € R for some a € A} i.c. range Ris the set of all the second
clements of the ordered pairs which belong to R. Thus Dom. R c A, Range R — B.
Inverse Relation - Let R < A x Bbe a relation from A to B. Then inverse relation R = B x A is defined by
R {(b,a): (a,b) eR}
It is clear that

@ aRb=bR'a

(i) dom. R~ =range R and range R™' =domR.
(i) R)'=R
Composition of Relation - Let R c A X B, S ¢ B x Cbe two relations. Then composition of the relations
R and S is denoted by SoR — A x C and is defined by (a, ¢) € (SoR) iff b € B such that (a, b)
R.(b.c)eS.
Relations in a set - let A (= ¢) be a set and R — A x Ai.e. Ris arelation in the set A.
Reflexive Relations - R is a reflexive relation if (a, a) € R, V a eR it should be noted that if for anya €A

such thata R a. then R is not reflexive.

Symmetric Relation - R is called symmetric relation on Aif (X, y) eR = (v, x) eR.

i.e. if xisrelated toy, then yis also related to x.

It should be noted that R is symmetric iff R = R.

Anti Symmetric Relations - R is called an anti symmetric relation if (a, b) eRand (b, a) eER=a=b.
Thus if a # b then a may be related to b or b may be related to a but never both.

Transitive Relations - R is called a transitive relation if (a, b) eR (b, ¢) eR = (a, ¢) eR

Identity Relations - R is an identity relation if (a, b) eR iffa =b. i.e. every element of A is related to only
itself and always identity relation is reflexive symmetric and transitive.

Equivalence Relations - a relation R in a set Ais called an equivalence relation if

@i Risreflexiveie.(a,a)eR Vae A

(i) Rissymmetrici.c. (a,b) eR = (b,a) eR

(iii)) Ristransitivei.e. (a,b), (b,c) eER=(a,c) eR.

Functions - Suppose that to each element in a set A there is assigned, by some rule, an unique element of
a sect B. Such rules are called functions. If we let f denote these rules, then we write f: A — B asfisa
function of A into B.

Equal Functions - If f and g are functions defined on the same domain A and if f (a) = g (a) for every
aeA thenf=g
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Constant Functions-Letf: A— B. Iff(a)=b, a constant, for alla € A, then fis called a constant function.
Thus fis called a constant function if range f consists of only one element.
Identity Functions - A function fis such that A — A is called an identity function if f(x) =x, V x € Aitis
denoted by I,.
One-One Functions (Injective) - Let f: A — B then fis called a one-one function. If no two different
elements in A have the same image i.¢. different elements in A have different elements in B.
Denoted by symbol f is one-one if

fa)=f@)=a=4a
ie. aza =>f@@=f@)
A mapping which is not one-one is called many one function.
Onto functions (Surjective) - In the mapping f: A — B, if every member of B appears as the image of
atleast one element of A, then we say “f is a function of A onto B or simply fis an onto functions” Thus
fisontoiff f(A)=B
ie.  range =codomain
A function which is not onto is called into function.
Inverse of a function - Let f: A — B and b e B then the inverse of bi.e. ™! (b) consists of those elements
in A which are mapped ontobi.e. £ (b)= {x;x € A, f(x) b}
- 1 (b) c A, £ (b) may be a null set or a singleton.
Inverse Functions - Let f: A — B be a one-one onto-function from A onto B. Then for eachb € B.
1(b) € Aand is unique. So, £ : B — Ais a function defined by £ (b) = a, iff £ (a) =b.
Then {! is called the inverse function of f. If f has inverse function, f is also called invertible or non-
singular.
Thus f is invertible (non-singular) iff it is one-one onto (bijective) function.
Composition Functions - Let f: A— Band g: B — C, be two functions,
Then composition of f and g denoted by gof : A — C is defined by (gof) (a) =g {f (a)}.
Binary Operation - A binary operation =on a set A isa function * : AXA — A. Wedenote = (a, b)bya =b
Commutative Binary Operation - A binary operation = onthe set A is commutative if for everya, b € A,
a*b=b=*a.
Associative Binary Operation - Abinary operation = on the set A is associative if
(@xb)xc=a=x (bxc).
An Identity Element e for Binary Operation - Let = : A x A— A be a binary operation. There exists an
clemente € A suchthata xe=a=¢ xa V a € A, then eiscalled an identity element for Binary Operation = .
Inverse of an Element a - Let = : A x A — A be a binary operation with identity element ¢ in A.
an clement a € A is invertible w.r.t. binary operation =, if there exists an element b in A such that
a=b=e=b = a. andb is called the inverse of a and is denoted by a™.

CONNECTING CONCEPTS

In general gof = fog.

f: A — B, be one-one, onto then

f1of=1, and fof ' =1,

f:A-B,g:B>Ch:C—>D

then (hog) of = ho (gof).

f: A—B, g:B — Cbe one-one and onto then gof : A — C is also one-one onto and (gof) ' =f1og™.
Let : A — B, then I, of = f and fol, = f. It should be noted that fol; is not defined since for
(fol) (%)= fo {1, ()} = £(x)

I, (x) exist when x € Band f(x) exist whenx € A

f: A— B, g: B — Care both one-one, then gof : A — Cis also one-one it should be noted that for gofto
be one-one f must be one-one.

Iff: A—Bg: B — Careboth onto then gof must be onto. However, the converse is not true. But for gof
to be onto g must be onto.
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The domain of the functions
) =fx)+g(x)
-2 x) =f(x)-gXx)
fg) () =f(x) g(x)
f(x)

g(x)

is given by (dom. f) ~ (dom g) while domain of the function (f/g) (x) =

(domf) "~ (dom. g)— {x:g(x)=0}
IfO (A)=m, O (B) = n, then total number of mappings from Ato Bisn™,
If Aand B are finite sets and O (A)=m, O (B)=n, m <n.

is given by.

n!
Then number of injection (one-one) from AtoBis™P_=
Iff: A — Bisinjective (one-one), then O(A) <O (B).
Iff: A > Bis surjective (onto), then O (A) > O (B).
Iff: A —» Bisbijective (one-one onto), then O (A) =0 (B).
Letf: A—Band O (A) =0 (B), then fis on¢-one < it is onto.
Letf:A—>Band X, X, c A, thenfis one-one iff { (X, " X)) = (X)) nT (X))
Letf: A—>Band Xc A, Y < B, thenin general ! f(x))c X. T (y) <Y
Iffis one-one onto ! (f(x)) =x, f( (y)) =Y.

(n—m)!



7D N
. 4

INVERSE TRIGONOMETRIC
FUNCTIONS

1. INTRODUCTION TO INVERSE TRIGONOMETRY

The inverse trigonometric functions are the inverse functions of the trigonometric functions. They are sometimes
referred to as cyclometric functions.

2. IMPORTANT DEFINITIONS

Given two non-empty sets X and Y, let f:X — Y be a function, such that y = f(x). The set X is called as the domain
of f while the set Y is called as the co-domain of f. The set {f(x): x € X} is called as range of fA map f: A>B is
said to be one-one or injective, if and only if, distinct elements of A have distinct images in B, i.e. if, and only if,
X, # X, = f(x) # f(x,), forall x;,x, €A

Onto map or Surjective map: A map f: A— B is said to be an onto map or Surjective map if, and only if, each
element of B is the image of some element of A, i.e. if, and only if, Range of f = co-domain of f.

Objective map: A map f: A— B is an objective map if, and only if, it is both one — one and onto.

3. INVERSE FUNCTIONS

If f: X—> Y is one-to-one and onto (i.e. f is objective), then, we can define a unique function g : Y > X, such that
g(y) = x, where x e X is such that y = f (x). Thus, the domain of g = range of f and range of g = domain of f. The
function is called the inverse of f and is denoted by ™.

(a) Trigonometric functions are many-one functions but these become one-one, onto, if we restrict the domain of
trigonometric functions. Similarly, co-domain is equated to range to make it an onto function. We can say that
the inverse of trigonometric functions are defined within restricted domains of corresponding trigonometric
functions.

(b) Inverse of sin (sine functions) is denoted by sin™* (arc sine function). We also write it as sin™ x. Similarly, other
inverse trigonometric functions are given by cos® x, tan x, sec! x, cotx and cosec™ x.

(c) Note that sin™' x = L and (sintx)2# sin2x, Also sin"! x # (sinx)*
SINX

(d) Domain and Range of Inverse Trigonometric Functions:

Function Domain Range (Principal value branch)

0 y=sin'x ~1<x<1

IA
<
IA

N3
N a




Function Domain Range (Principal value branch)
(ii) -1

y=cos "X -1<x<1 0<y<n
(i 1 —0<X< 00 T

y=tan ~x ——<y<—-

2

(iv) .

y=cosec x x2lorx<-1 —ESyS y#0
v)

y=sec 'x x=lorx<-1 O<y<my=—
(vi) -1

y:cot X —0<X< 0 0<y<TE

(e) The principal value of an inverse trigonometric function is the value of that inverse trigonometric function

which lies in the range of principal branch.

MASTERJEE CONCEPTS

If no branch of an inverse trigonometric function is mentioned, then it can be implied that the principal
value branch of that function.

You can remember range as set of angles that have the smallest absolute values satisfying for all the

values of domain.

4. TRANSFORMATION OF TRIGONOMETRIC FUNCTIONS TO INVERSE

TRIGONOMETRIC FUNCTIONS

4.1 sin x to sin'! x

The graph of an inverse trigonometric function can be obtained from the graph of the original by interchanging x

and y axes.

Note: It can be shown that the graph of an inverse function can be obtained from the corresponding graph of

original function as the mirror image in the liney = x.

(@) y=sinx x e Rand |y|£1 ; yzsin*l x,|x|£1, yel-n/2,n/2]

Vaibhav Gupta (JEE 2009 AIR 54)

Flgure 20.1
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4.2 cos x to cos ! x

(b) y=cosx,xeRand|y|<1 y=cos™x,xe[-1,1]andye[0, ]

y-sin x and y—sin'l(x) y—sin'l(x)

Figure 20.2




4.3 tan x to tan! x

(o) y:tanx,xeR—{x X = (2n+1)g,nez} and yeR y:tan‘1 x,xeR and ye[—g,ﬁj

.0
) 24 |1
) P19 / io
NP E *2
- O T
> -1
i -2
Y’
y=tan x

Figure 20.4

4.4 cot x to cot! x

(d) y:cotx,xeR—{x:x:nn, neZ} and yeR y=cot™' x,xeR and y<(0,7)

Y
2 U
] 19 / i
X' ¢ 2
-7 O b1
W -1
-2
v’
y=tan x

Figure 20.5

4.5 sec x to sec! x

() y= SeCX,XER—{X X =02n+ l)g,n € z}andyeR—(—l,l) y=s.ec‘1 x,XER—(—l,l)andye[O,n]{g}



Figure 20.6

4.6 cosec x to cosec! x

(f) y=cosecx,xe{x:x=nn,neZ}andyeR-(-1,1) y=cosec‘1 x,XGR—(—l,l)andye{—E E}—{O}

X

YI

y = COsec X

2'2

-1
y = cosec X



Illustration 1: Find the domain of definition of the function f(x) = \/3cos™(4x) - . (JEE MAIN)

Sol: Use the condition that the expression inside the square root is > zero.

For domain of f(x) = 3cos‘1(4 X) — 1, we must have

4x>cos| L | = 4x Zl :le ..... (i)
3 2 8
Also —1<4x<1 = —t<x<i (ii)
4 4

. From (i) and (i), we get xe[_ ﬂ

S|4

MASTERJEE CONCEPTS

In case of confusion, try solving problems by replacing inverse functions with angles and applying
trigonometric identities.

Shrikant Nagori (JEE 2009 AIR 30)

Hlustration 2: If0 < cos ™ x < 1and 1+ sin(cos x) + sin?(cos 1x) +sin>(cos 1) + .....o0 = 2, then find the value of x.

(JEE MAIN)
Sol: Use summation of infinite GP series.
We have 1+sin(cos™x) + sin®(cos®x) + ......... 0 =2
= ;1 =2= l =1-sin(cos 'x)= sin(cos’lx):E —costx=2 =X = é
1—sin(cos™x) 2 2 6 2

Illustration 3: Let f(x) :g(sin_1 [x]+ tan! [x] + cot™ [x]), where [x] denotes the greatest integer less than or equal to
T

x. If A and B denote the domain and range of f(x) respectively, find the number of integers in AUB.
(JEE ADVANCED)

Sol: Use tan™*[x] + cot™[x] =g and proceed.

For domain of f(x), we must have -1 <[x]<1=-1<x<2, sosetA =[-12)

f(x) = z(sinl ] + EJ (As tan L [x] + cot 1[x] = E,VXEA]
T 2 2

So, set B = {0, 1, 2} = Range of f(x). Now, AuB=[-1,2)u{0,1,2}=[-1,2]

Hence, number of integers in (AUB)=4
5.PROPERTIES/IDENTITIES OF INVERSE TRIGONOMETRIC FUNCTIONS
5.1 Complementary Angles

(@ sintx+costx= g,VX e[-1,1]



(b) tantx+cottx :g,Vx eR

(¢) secx+cosectx= g,VXe(—oo,—l] U[1,0)

5.2 Negative Arguments

(a) sint(=x) = —sin"t x, Vxe[-1,1]

(b) cos ' (—x)=n—cos ' x, Vxe[-1,1]

(¢) tan'(-x)=-tan!x,VxeR

(d) cot‘l(—x) =n-cottx,VxeR

(e) sect (-x)=m- sectx,Vxe (=o0,—1]U[1, )

(f) cosec(—x) = —cosect xVx e (—o0,—1) U[L,00)
5.3 Reciprocal Arguments
(@) cosec'x=sin? %;|x| >1 (Both the functions are identical)
and sin"! x = cosec™ %;|x| <1,x =0 (Both the functions are not identical)
(b) sectx=cos? |x| >1 (Both the functions are identical)

1.
XI

_ 11 . . .
and cos!x =sec™ —;|x| <1 (Both the functions are not identical)
X

() tantx=cot™ (lj xe(0,00) =—t+cot™t [EJ xe(~0,0),
X X

andcot™ x = tan™! (Ej x €(0,0) = n+tan™t (1) X €(—o0,0)
X X

5.4 Forward Inverse Identities

(@ y=sinGin?x) =xxe[-11ye[-1,1], yis (b) y=cos(cos™x)=xxe[-11lye[-11], yis
aperiodic aperiodic
AY Ay
! i ! 2
3
-1 45° 1 -1 45° 1
o 17 o 17
-1 -1

Figure 20.8



(c) y=tan (tan"tx)=x, x € R, y € R,y is aperiodic d) y= cot(cot‘lx) =X X € R,y € R, yis aperiodic

A y 7 N y
X X
45° 45°
» X > X
O O
Figure 20.9

(e) y = cosec (cosecx)=x, |X| 2 1,|y| >1yis aperiodic (f) y = sec(sec’x) = x, |x| > 1,|y| >1, vy is aperiodic

1y \/;\- 1y %/;\- o
y| y| I 5
-1 > X -1 > X
o 1 o 1
ﬁ;\‘ --------- -1 ﬁ/;\‘ --------- -1
Figure 20.10

Also,
cos(sin™'x) =vV1—x° sin(cos™'x) = V1 -x°

1

cos(tan’l X): f ’can(cos’lx)——l_x2
1+x° X
. _ X ) X
sin{tan Ix) = tan(sin " x| =
)2 )
5.5 Inverse Forward Identities
@ y=sin(sin)=x[xeR]y {—%%J , Periodic with period 2
n/Z“y
A N\& S
y SR\ //Q'
3 : v -1/2 45°} 32 N R
2n -3m/2 ° O @n/2 =« 2n > X
-1t/2




(b) y=cos(cosx) =x,xeR,ye[0,n], Periodic with period 2 =

AY
T :
f'llé‘ ,}\ //+ E }\
X g 17/2 ) \e
{/ -+ i /}‘-I'
2r T 72 0 w2 2
Figure 20.12

() y=tan?(tanx) =x,xeR— {(2 n— l)gn € I},ye(—g,g], Periodic with period n

i i A
a EN
i | 2 s b,
-3 -T ' O =i
2 : 2}
- /2
Figure 20.13

(d) y=cot?(cotx) =x,xeR—{nn}, y € (0,n), periodic with =

Figure 20.14
(e) y= cosec t(cosecx) =xeR—{nm,nel}, ye {—%,Oj U[O,§:| y is periodic with period 2n

/21

-1t/2



U]

y =sec l(secx) = x, y is periodic,

A
y
T
20 N\& >/ 1\
//+ E \+ i %\
3 : : : : : PNt
-27 -3n ¢ n O = T 3n 2n
Figure 20.16

x € R— {(Zn— 1)§n e I},ye{o,gj u(g,n} with period 2

(i) tant (cotx):%n —x forxe[0,n]
. . 1
(ii) sin (cosecx)=57c—x forxe[0, ]

(iii) sec™ (cosx):%n —X forxe{o,%n} .

5.6 Sum of Angles

(a)

(b)

(c)

(d)

(e)

U]

()]

sin’l(x\/l—y2 +y\/1—x2j if x>0;y >0and x* +y* <1
sintx+sinty =

Tc—sin’l(x\/l—y2 +y\/1—x2) if x>0;y >0and x* +y? >1

sintx—sinty =sin’! (x\/l—y2 —y\/l—xz) x>0;y>0
costx+costy =costxy TV1l-x>1-y?] ifx,y >0and x* + y? <1

costx+costy =n—cos[xy FVl-x3\1-y?] ifx, y > 0 and x®+y?<1

tan’lli x>0y >0andxy <1=>0<tan'x+tanty <g
tan‘lx+tan‘ly = -
n—tan‘lﬂx>0y >0andxy >1= g <tan'x+tanty <=
x>0&y>0then tan'x—tanty=tan" 1 -y (with no other restriction)
+ Xy

+y+z- -
tantx+tanty+tantz=tant| Y TETZ gl panly - tant| XY
1-xy-yz—2zx 1+xy



MASTERJEE CONCEPTS

The above results can be generalized as follows:

8 =8, 58, s

tan™* Xq + tan™t Xy + .+ tan! X, = tan™* {

where S, denotes the sum of products of x,,x,,...,X, taken k at a time

Rohit Kumar (JEE 2012 AIR 78)

Illustration 4: Evaluate: sin [tan‘1 %j (JEE MAIN)

115 .
Sol: Convert tan 1; to sint.

We know that sin (sin"t x)=x, for all x e [-1, 1], So, will convert each expression in the

form sin (sin"* x) by using h=17 p=15
cos™? 9 =sint E, tant P =sint E,cot’l P =sin! 9 etc.
h h b h b h b=8
Where b, p and h denote the base, perpendicular and hypotenuse of a right triangle. Figure 20.17
sin tan"ll—5 =sin sin‘IE :E
8 17 ) 17
. 113
Illustration 5: Evaluate: cos| cosec™ — (JEE MAIN)
12
h=13 p=12
Sol: Write cosec in terms of cos™.
413 45) 5 5,13 45 b=5
Cos| cosec™ — |=cos| cos — |=-— |- cosec  — =C0S = —
12 13) 13 12 13 Figure 20.18
Illustration 6: Find the principal value of cot? (- \/§) (JEE MAIN)

Sol: The principal value of cot™ x lies in between O ton.
Letcot™ (—«@)=e

Then cotf=—/3 =—cot%

Since principal value branch of cot! x is 0 < 0 < =n. Therefore, we want to find the value of 8 such that 0 <6 < x.

Now, cot0 = —cotZ = cot| n— = | = cot5—7T
6 6 6

Therefore, principal value of cot_l(—\/g) = 5%[



a1 1
Hlustration 7: sin™* (sm%) = % (JEE MAIN)
Sol: Write ]'OTnas n+37nand expand.
. 1 . 10%m .1 . [ 3m N 3n 3n
=sin"| sin——= |=sin""| —sin| = | |=sin"" | sin| —— | | = —=
7 7 7 7
Illustration 8: cos™ (sin(—gﬂ (JEE MAIN)
Sol: = cos | cos| Z+ & | | = cos | cos| 22 | | = 117
2 9 18 18
. .1 13n
Illustration 9: sin [cosﬁj (JEE MAIN)

Sol: Similar to previous example.
. 13n . 4 3n 1 . [5n 2m . LW N T T
=sin"" cos——=sin"" | —cos— | =sin"" | =sin| =——=—|| =sin"" | =sin— [=sin | sin| -— | [=—=
10 10 10 10 5 5 5

Hlustration 10: Find the principal value of sin™ [ij (JEE MAIN)

V2
.01 . 1 .01
Sol: Letsin’| == |=y. Thensin y=— = y=sin 1[—]
(\EJ V2 V2

We know that, the range of the principal value branch of sin™ is (—ggj and sin[gj =

i+

Therefore, principal value of sin™ [LJ is —.

2) 4

Illustration 11: Find the integral solution of the inequality 3x° +8x < 25in71(sin4)—cosfl(cos4).

(JEE ADVANCED)
Sol: Use inverse forward identities to simplify the equation.
3x° + 8x<—4 = 3x°+8x+4<0
= 32 46x+2x+4<0 = 3x(x+2)+2(x+2) <0 :
(x+2)B3x+2)<0 x=-1 -2 -1 -2/3
Figure 20.19

Illustration 12: Find the largest integral value of k, for which (k-2)x*> + 8x + k + 4 > sin"(sin12) +cos™(cos 12), for
allx e R. (JEE ADVANCED)

Sol: Use inverse forward identities.
sin“X(sin 12)=sin"* (sin(12 - 4n)) =12 - 4n



cos™t (cos12) =cost (cos(4n—-12)) =4n—-12 < +—
o (k=2)x*+8x+k+4>0, VxeR -6 0 4

If k = 2, then 8x+4>0, (not possible) T
and if k #2,thenk-2>0 = k>2 2

and 64 -4(k-2)(k+4)<0 = 16<k’+2k-8 Figure 20.20

= kK +2%k-24>0 =  (k+6)k-4)>0

K=5

Illustration 13: Find domain of f(x) = ! (JEE MAIN)

Sol: Find the range of x for which |n(cot_1x) >0 = cotix>1 = x<cotl = xe (~o0,cotl)

Illustration 14: Evaluate the following: (JEE MAIN)

TN " 1 T 1 n . 1 ﬁ n
(i) sin (smgj (i) tan [tanZJ (iii) cos (cosf] (iv) cos{cos [ > J+ 6}

T

5 ,cos *(cos0) =0, if0<0<nand

Sol: Recall that, sin"!(sin0)=0, if —g <0<

tant(tan0) = 0, if —% <B< g Therefore,
@) sin | sin= =X (i) tant| tanZ |= T
3) 3 4) 4
(iii) cos™ (cos7—6n] # 7_6n because % does not lie between 0 and .

Now, cos (COSLGT[J =cos! [cos(Zn —%)] { Ir_ n —%} =cos ! (cos%} [-cos(2m—0) = cosf] = %ﬂ

o) el 3) ()]

Illustration 15: Evaluate the following:

0) sin(cos‘l gj (ii)sin[g—sin‘l [—%B (iii) sin(cot™ x) (JEE MAIN)

Sol: (i) Let cos™*

Ul w

=0. Then, c059=§ = sin9=i
5 5

" sin cos’li —sino=2
5 5



0) sin[% —sin’t (-%D - sin(g - (-%H = sinz?n - g

(iii) Let cot™* x=6, Then, x=cot9

= sin(cot x)=sin® =

1 1
V1+x° V1 + %

Now, cot0=x = sin0=

Illustration 16: Evaluate the following:

(i) sin"Y(sin5) (i) cos *(cos10) (JEE MAIN)
Sol: Notice that the angle is in radians.
(i) Here, 6=5 radians. Clearly, it does not lie between —g and g But

2n—5 and 5-2xn both lie between —g and g such that

sin (5-2mn) =sin(—(2n —5)) = —sin(2x —5) =— (-sin5) = sin5
:>sin‘1(sin 5):sin‘1 (sin(5 —2m))=5-2m.

(i) We know that cos‘l(cose)ze, if 0<0<mn. Here, 8 =10 radians. Clearly, it does not lie between 0 and = such
that, (4n—10)=cos10 = cos(cos 10) = cos*(cos(4n—10)) = 4n—10

Illustration 17: Evaluate the following:
(i) sint(2sint0.8) (ii) tan(Ztanlé—%] (JEE MAIN)

Sol: Write the term inside the brackets in (i) and (ii) as sin’ and tan™ respectively.
(i) We know that: 2sin”! x = sin™* (ZXW)

© 2sin™! 0.8 = sin"(2x0.8x~/1-0.64)

= sin '(2sin™" 0.8) = sin{sin""(0.96)} = 0.96

(i) tan 2tan’11—E
5 4

_tanftan 2T From (i) we have, 2tan L _tant >
12 5 12

_tan| tan = —tan'1] | tanix— tanty =tan| 2= |if xy > ~1| =tan|tan™ il | e
12 1+xy 17 17

Illustration 18: Write the following in their simplest forms:

(i) tan™t /TCA (ii) sin [cot ™ {cos(tan"x)}] (JEE ADVANCED)
+ COSX

Sol: (i) Use the formula 1 -cosx = 2sin’x /2 and 1+cosx =2cos’x /2



(i) Write the term inside the square bracket in terms of sin™™.

_ in? X
O tant [ 170K o [ 2sintx/2 i
1+ cosx 2(:052)(/2
1

(ii) sin[cot‘l{cos(tan‘1 X)

tan5
2

2

1
V1 +x2

J . — \]1+X2 li -1 .1
=sInssin o cot " x=sIn
V2 + %2

=sin| cot™ cos:[cos:L ! J :sin[cot1 1
V1 +x? V1+x°
14
2+x°
T T

Hlustration 19: Express tan™* [lcosix J -3 <X < 5 in the simplest form. (JEE ADVANCED)
—sinx

Sol: Convert the term inside the bracket in terms of tan g and proceed.

cos? X sin’ X

We write, = tan™* coij =tan! 2 2
1-sinx 2X . oX . X X
Cos® = +sin“ = —2sin-cos—
2 2 2 2

X . X X . X X . X X
cos§+sm§ COSE_SmE cos X +sin® 1 +tanX . .
= =tan! 2 2 =tan? — 2| —tan'!tan| 2+ 2 ||= 242
X % X . X 1 tan” 4 4 2
(cosz—sinzj cos5 —siny —tang

Alternatively,

. [m=2x
sin
1 2
- =tan | ———~<—|=tan
1-sinx

1-cos| = —x 1-cos m-2X
2 2

. [ T—2x T —2X
2sin 2 cos 4 5 5
—tan!| cot| 22X || = tan?| tan| E-T2<X
. z[n—Zx] 4 2 4
2sin 2

Illustration 20: If sin[sin‘1 % +cost xj =1, find the value of x. (JEE MAIN)

. T
sin| ——x
tan‘l( CosX ] ] (2 j

=tan!

RERCEEE

Sol: From the question, we have {sin*L %+ cost xj =g and proceed.

We have sin(sin1%+cos1 ]=1



.11 _ . .11 R T
:>sm1§+coslx=sml 1 = sm1§+coslx=5

-1 s 1 1 -1 -1 1 1
= COS " X=—-—SsIn " — — COS "X=CO0S "— = X=—
2 5 5 5

Ilustration 21: Find the value of cos (sec*x+ cosec‘lx),|x| >1. (JEE MAIN)
Sol: Use sec!x + cosec ™t x =§

— — T
We have COS(SEC ! X + cosec 1 X) = COS(EJ =0

2 2
Illustration 22: Find maximum & minimum values of (sec‘1 x) +(cosec‘1x) . (JEE ADVANCED)

Sol: Apply the identity sec™ x + cosec™ x :g and then use suitable substitution to form a quadratic.

y:(sec‘lx)2 + (cosec 1x)?

1 1

=(sec "x+co sec‘lx)2 —2sectx cosecx

_ _ _ T
put t=sectx ; sec™ x +cosec 1x:5

2 2
y=22t| ot |=2t? —mt+
4 2 4

2 2 2 2 2 2 2
yzz{tz_gu%}: 2 (t—ﬁj + :“_+2(t—%J nyo =t ymaxzs% att=n

Ilustration 23: Find the range of f(x) =sin"t x + tan* x +sec * x.. (JEE MAIN)

Sol: Find the domain of the given function and then find the range.
f(x)=sin"t x + tan* x + sec* x
Here domain is only x = lor -1;

So range will contain only 2 elements{3n /4, n/ 4}

Ilustration 24: Find the number of solutions of the equation tan™ x* + cot ™ (e*) = g (JEE ADVANCED)
Sol: Use tan' A+ cot™* A =§ to simplify the given equation and then take

the help of graph to find the number of solution. y=1 //\\
cot™(e¥) = %—tan‘:L ) = cot1(®) = e =x>=x’e*=1 / o) 3

Plotting the graph ofy = land y = x’e” we can see that the line intersects Figure 20.21

the curve at two points. Hence there are 2 solutions for the above equation.



Illustration 25: Find the number of values of x satisfying the equation

X3 > X2 X3 T
tan | x— 2+ +cot™t b+ - for 0<|x| <2. (JEE ADVANCED)

Sol: Use tan ' A+cot ™ A = g

3 5 2 U3
We must have x—X—+X—— ...... =X+X—+X—+ ......
4 16 2 4
= x2: AN 4X2=2X = 2X°(x+2)=0
X2 lX Aext 2-x

1+Z 5

x=0, -2 (As O<|x| <2)

Clearly no value of x satisfies given equation.

Illustration 26: Prove that tan™' % +tan™? 7 tan™*

(JEE MAIN)
24

N

Sol: Use the formula tan x +tan 'y = tan™* (1)( ty J

2. 7 ~tantx+tanly
1) 11 24

We have, :tan‘1£+tan‘ll=tan_ — 1 X+Yy
11 24 2 7 =tan” If xy<1

_ﬁ 24 1-xy

Ctan 1 BT g1 ] (L
264 -14 250 2

Ilustration 27:If tan 4 +tan"15=cot (1) then find A. (JEE MAIN)

Sol: Write the L.H.S. in terms of cot® and compare.

We have tant4 +tan'5=tan! ﬂ =n—tan* i =7 —cot‘lE
1-20 19 9

=cot™? B :}Lz—ﬁ
9 9

- 1- .
Hlustration 28: Prove that: tan > > —tant 2=Y _ gjn? (JEE MAIN)

y—X
1+x l+y 1+ x2 /1+y2

+y

Sol: Use the formula tan™ [1)( J= tan'x+tanty.

We have, LHS =tan™* 1-x —tan™! 1-y _ (tan! 1-tan*x)—(tan! 1—-tan'y) = tanty—tantx
1+x l+y



:tan_l[y_X]:Sin_l L= —sint] Y X l_RHs

J@+yx0? + (y-x)? Ja+x) L +y?)

Illustration29:Provethat:(i)’carfli+tarfl—1—=’can’12 m)mnii+mn4§—mnifi:5
7 13 9 4 5 19 4
(iii) tan? Litantlitantltantiln (JEE ADVANCED)
5 7 3 8 4
Sol: Same as above.
(i) LHS =tan! l +tant i
7 13
1.1
= tant] 7 13 vwWW+MNW:MNllDLﬁw<1=ww1§2ﬂm4£:MB
11 1-—xy 90 9
1-—x—
7 13
(i) LH.S. = tan‘1§+tan‘1§—tan‘1 8
4 5 19
3,3
“ftant3 itant3 | —tant & _tant —tant —
4 5 19
1-=-x=
45
27 &
=tan?! tm4§:MN1—E—£L —tan 1222 _tant1 =T —RHS.
19 27 8
1+—x—
11 19
1 -1 -1 -1 1
(iii) LHS.=tan™™ =+tan - =+tan —+tan 3
1 1 1 1
=|tant=+tan 1= |+|tan T = +tant = =tan! > 7 +tant 3 8
1 11
1-—x= 1-—x=
57 3 8
6 11 17 "3 325 n
=tan! — + tan 1 == =tan! 17 23 —tan'| 222 | =tant = —=RHS.
17 23 _4§7X}l 325
17 23
Ilustration 30: Show that tan™ = + tan™ - tant % (JEE MAIN)
1.2
SohWemwaLHSzmH41+tmﬂw£:mN1 2 11 —EHJEE—mHJ E:R.H.S.
2 11 1.2 20
2 11

Hlustration 31: Simplify tan-L| 205X 7PSINX | @, e 1. (JEE MAIN)
bcosx+asinx b



Sol: Divide the numerator and denominator inside the bracket by bcos x and expand.

acosx—bsinx

a

. ——tanx
We have, tan™ M =tan! LSX, =tan! —tan 2 _tant(tanx)=tant 2_x

bcosx+asinx bcosx—asinx a b b
= == 1+ —tanx
bcosx
Illustration 32: Solve the following equations:
(i) tan‘lx—_;+tan‘1 ”; =% (i) 2tan"* (cosx) = tan™* (2cosec ) (JEE ADVANCED)
X— X+

Sol: Write % as tan* 1 and simplify.

(i) tan™t x-1 +tant x+1 I
X—2 Xx+2 4
= tan! X—_l+tan’1 x+1_ tan'l = tan™ X—_l:tan’1 1-tant X +1
X—2 X+ 2 X—2 X+2
1_x+1
= tan_lﬂztan_l # = tan_l X_l - ta -1 M
X — Xx+1 X—2 X+2+x+1
1+
X+2
:>tan‘lx_1=tan‘1 1 = x-1__1 =  (2x+3)(x-1)=x-2
X—2 2x+3 X—2 2Xx+3
=2 +x-3=x-2 = 2x2—1:0:>x:i%
2
(i) 2tan"t(cosx) = tan"* (2cosecx)
= tan! (2c—os>2<J =tan* (2cosecx)
1-cos“x
2cosx . T
=2cosec Xx=>cosx=sinx=tanx=1=x= —
sin® x 4
Hlustration 33: Prove that; sin! E —sin? izcos‘1ﬁ (JEE MAIN)
5 17 85
Sol: Covert the L.H.S. in terms of cos™.
We have sin™* 3 sint 38 =cos™! 4 —cost 15 - sin™t 3 =cos™* 4 & sin™t 8 =cos™* 15
5 17 5 17 5 5 17 17

e L VE R (O 2x 1|1 2 —cos A2 35 Bl 05100 2L (1 84
- 5717 5 17 5717 5717 85 85 85

Illustration 34: Prove that: sin’lg +sin™? 15—3+ sin™t % = (JEE MAIN)

N



Sol: We have sin™! i —sint i +sint E =lsint = +sint —l4sint—
5 13 65 5 13 65

2 2
=sint i 1- i +i 1- i +sin’1E
5 13 13 5 25

.14 12 5 3 .16 . 363 . ;16
=SINT"{=X—+-—X—=p+ SN =— =sin " — +sin"" —
513 13 5 25 65 25

2
= cos‘lE+sin‘:lE sin‘lﬁ: cost,[1- 83\ _ cos‘:lE
25 65

s .1 -1 1Y
—|SIn "X+ COS "X =—
2 2

6. SIMPLIFICATION OF INVERSE FUNCTIONS BY ELEMENTARY
SUBSTITUTION

(@ 2sin'x = sint2x V1-x%) if—1<x<1

(b) 2costx = cost(2x*-1) if-1<x<1

() 2tantx= sin‘l( ZXJ 0<x<1

2tan'x -1<x<1

(d) sint x__ n-2tantx x>1

1+x°

—n—2tan'x x<-1

_y2 -1 >
© cos’ll X {Ztan x x20

1+x* |—2tantx x<O0

n+2tantx  x<-1
-1 2x

1-x?

(f) tan ={2tantx -1l<x<1

2tanix—n x>1

(g) sintx=cost (\/1 —x? ) —tan | =X | —cot | X | et | L | = cosec (lj
}1 _ X2 X 1-— X2 X




2
(h) coslx:sinl(\ll—xzj:tanl( 1-x J:cotl[ X J:secl[ilzcosecli ! J

X

(i) tanlx=sin? [

X
V1+%2

2X2 +2tantx =1, if x>1

() feo=sin™
1+x

(k) fx)=sin? +2tantx=—mif x<-1

1+x

—(n+3sintx) -1<x<1/2
() sint@Bx-4x’)={ 3sintx -1/2<x<1/2

n—3sintx 1/2<x<1

3costx-2n -1<x<-1/2

(m) cos'(4x>-3x)={2n-3cos'x -1/2<x<1/2

3costx 1/2<x<1
1
3tantx ———— < X—=
NERRNEY
3

(n) tan! ix_;; =J-n+3tantx X > %

1
+3tan ! x X<——=
i B

MASTERJEE CONCEPTS

While writing inverse trigonometric functions in their simplest forms, we use the following substitutions.
e For a’ —x?, we substitute x =asin® or x = a cos 6
e For Va®+x? , we substitute x =a tan0 or x = a cot 0

Forvx? —a® , we substitute x = a sec 0 or x=a cosec 0

For va+x and va—x occurring together or separately, we substitute x = a cos 6

Rohit Kumar (JEE 2012 AIR 78)

Illustration 35: Solve for x: sin(2 cos™* (cot(2 tant x)) =0 (JEE ADVANCED)

Sol: The RH.S. is equal to zero implies cos™* (cot(Ztan’lx)) = n?n and proceed accordingly to find the value of x.



0 |f n=0 1
cos‘l(cot(Ztan‘lx))z n%z g if n=1 = cot(2tan‘l x)z 0
n if n=2 -1
T nmt w n  3n
nm+— -5 T3 P
4 2 8 8 8
= 2tantx={nn+L = tanlx= L,z =tan x = E,_E
2 2 4 4 4
P nt w n 3¢
nm—— -5 Q' a
4 2 8 8 8

= x=+1,+ (2 -1),+ (2 +1)

Illustration 36: Solve the system of inequalities involving inverse circular functions arc tan? x—3 arc tanx + 2> 0
and [sin"!x] > [cos*x] where [ ] denotes the greatest integer function. (JEE ADVANCED)

Sol: Substitute tan™ x equal to t.
= (t-2)(t-1)>0
=>t>2 or t>1
=tan'x>2 or tantx>1
X € (—oo , tan 1) x > tanl
Again [sin"x] > [cosX]
[sin"'x] can take the values {-2,-1,0,1}
And [cos Ix] can take the values {0,1,2,3}
Hence [sin’lx] can be greater than [cos’lx] only
If [sin"x]=1 and [cos'x]=1
Now,[sin'x]=1=1<sin'x<n/2  (1<sinx<2)
sinl<x<1
And [cosx]=0=0<costx<1
cosl<x<1
Now, x must satisfy

From this x e[sin1,1]



PROBLEM-SOLVING TACTICS

e Making a habit of writing angle values in radians rather in degrees makes the calculation of inverse trigonometric
functions easier.

e Try to remember graphs of inverse trigonometric functions. Sometimes it is easier to approximate answers
using graphical methods.

e Always verify whether the results are in the range or domain of the respective function.

e In some cases, constructing a right angled triangle for the given inverse function and then solving using
properties of triangle is much helpful.

e In case of identities in inverse circular functions, principal values should be taken. As such signs of x, y, etc,
will determine the quadrant in which the angles will fall. In order to bring the angles of both sides in the same
quadrant, one should make an adjustment by =.

FORMULAE SHEET

| 1. | If y = sin x, then x = siny, similarly for other inverse T-functions.
2. | Domain and Range of Inverse T-functions:
Function Domain(D) Range (R)
sin! x -1 <x<1 T g <
2 2
cos L x -1 <x <1 006 <=
tan™t x RS X < L I
2
cot ! x O < X < ®© 0<0 < =n
-1 T
sec x x < -1, x =21 0<6 < #n, 6 %=
cosecx x £ -1, x >1 e o < oo
2 2
3. Properties of Inverse T-functions:

(i) sin(sin©) =0 provided —= <0 <

T
2

N3

cos (cos 0) =6 provided 0 <6 <=

tan*(tan 0) =0 provided —g <0< g

cot(cot 6) =6 provided 0 <6 < n




sec(sec 0) =0 provided Os6<g or §<9£n

a

cosec (cosec 0) =0 provided —g <0<0 or 0<H < =

N

(i) sin (sin‘:l

Xx) =x provided -1 <x <1
cos (cos'x) =x provided -1 < x <1

1x) =x provided - < x < o
1

tan (tan

cot (cot™"x) =x provided —o < x < ®
sec (sec'x) =x provided —ow < x<-1or1<x<

cosec (cosec’l x) =x provided —ow < x<-lorl<x< w

(i) sin™t (=x) =-sintx,

(iv) sintx+cosix=—, Vxe [-1, 1]

N3

cost (-x) =m — costx

tan? (= x) =—tanx tantx+cotix ==, VxeR

N a

cot™? (=x) = n—cottx . . -
1 L sec " x+coseC " x = —, Vxe (—o,—-1] Ul »)
cosect (- x) = —cosecx 2

sect (-x) = - sec !t x

Value of one inverse function in terms of another inverse function:

V1-%°

() sintx=costVl-x*=tan? =cot™?
2 X
1-x
-1 -1
=sec =cosec —, 0 <x <1
1-x
. 1 12 BRUE'S 1
(i) cos " x=sin""VYl-x° =tan =cot™ ——
X 1 — 2
-1 -1
=seC - —= cosec ,0 < x <1

/ 2
_ . X _ 1 11 1 > 1 V1+x
(iii) tan Tx =sin™ =cos! —cott = =sec 1+x° = cosec ,x =20

V1+x2 V1+x° X X

(iv) sint (EJ = cosec* X, V X € (—0,1] U [1,0)
X

(v) cos™t (l] = sec?! X, V X e (—00,1] U [1,00)
X

wiy tan’? (E] | cot™tx for x>0
X —n+cottx forx<0




Formulae for sum and difference of inverse trigonometric function:

() tan'x+tanly=tan (;i] ifx>0,y>0xy<1

(i) tan'x+tanty=n+tan’t [1x+y j; if x>0,y>0,xy >1

(i) tantx-tanty=tan* (H—y] if xy>-1
1+xy
(iv) tantx-tan'y=mn+tan’ (uj if x>0, y<0, xy <-1
1+xy

_ _ _ _ X+VY+Z—XyzZ
v) tantx+tanly+tanltz=tan? [#]

1-xy-yz—2zx

(vi) sintxxsinty=sin"? [x\/l—y2 + y\/l—x2 };

Ifxy,>08&x*+y? <1

(vii) sintx+sinty=n—-sin"t [x\/l —y? + y\/l —x? };

Ifxy,>08&x2+y?>1
(viii) cos™ x+cosy =cost [xyixll—xz Jl—yz};
Ifxy,>0&x*+y? <1

(ix) cos™x+cos™ y=m-— cos! [xy T NI /1 _ yz }

IfFxy,>08&x2+y?>1

Inverse trigonometric ratios of multiple angles

(i) 2sinix= sin‘l(ZX\ll—x2 ), if —1<x<1

(i) 2costx=cost(2x*-1),if —-1<x<1

2
(iii) 2tan‘1x=tan"1( 2 jzsin‘l[ 2 ]zcos‘1 1-x
1-%° 1+%x° 1+%x°

(iv) 3sinx=sin? 3x—4%°)

(v) 3costx=cost (4x3-3x)

3
(vi) 3tan'x=tan? =X
1-3x?
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MATRICES

KEY CONCEPT INVOLVED

Matrices - A system of mn numbers (real or complex) arranged in a rectangular array of m rows and n
columns is called a matrix of order m x n. An m X nmatrix (tobe read as ‘m by n’ matrix)

An m X n matrix is written
Tan Ay a, —l
a a ...
21 2 2n
A=| oL
[+«
a a .. a
|_| m] m2 m |

Thenumbers a,,, a,, etc are called the elements or entries of the matrix. If A is a matrix of order m x n, then
we shall write A = [aij] where, a;; represent the number in the i-th row and j-th column.

Row Matrix - Asingle row matrix is called a row matrix or a row vector. e. g. thematrix [a,,,a,,, ....... a, lis
arowmatrix.
[ay |
‘ a2
Column Matrix - Asingle column matrix is called a column matrix or a column vector. e.g. the matrix! | ' 1 |
a
isam X 1 column matrix. [ ]

Order of a Matrix - A matrix having m rows and n columns is of the order m x n. i.e. consisting of m rows
and n columns is denoted by A = [a;],.. .
Square Matrix - If m=n, i.e. iftthe number of rows and columns of a matrix are equal, say n, then itis called
a square matrix of order n.
Null or Zero Matrix - If all the elements of a matrix are equal to zero, then it is called a null matrix and is
denoted by O, or 0.
Diagonal Matrix - A square matrix, in which all its elements are zero except those in the leading diagonal is
called a diagonal matrix, thus in a diagonal matrix, a;=0, ifi#j, e.g. thediagonal matrices of order 2 and 3

K 01K 0 o]
are K )| 0 K2 0 |

L 2] o o X,
Scalar Matrix - A square matrix in which all the diagonal element are equal and all other elements equal to
zerois called a scalar matrix.

[K 0 0 W
0 K 0

i.e. inascalar matrixa; =k fori=janda, = 0fori=]. Thus | isa scalar matrix.

0 0 Kl



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Unit Matrix or Identity Matrix - A square matrix in which all its diagonal elements are equal to 1 and all
other elements equal to zero is called a unit matrix or identity matrix.

| [10 0|1

¢.g. aunit or identity matrix of order 2 and 3 are L Tld ? 1 0 fespectlvely
0 0 1]
Upper triangular Matrix - A square matrix A whose elements a;=0 fori >jiscalled an upper triangular
matrix.
Lower triangular Matrix - A square matrix A whose elements a;=0 fori<jiscalled a lower triangular
matrix.
Equal Matrices - Two matrices A and B are said to be equal, writtenas A= Bif
(@i they are of the same order i.c. have the same number of rows and columns, and
(i) the elements in the corresponding places of the two matrices are the same.

Transpose of a matrix - Let Abea m x n matrix then the matrix of order n x m obtained by changing its rows
into columns and columns into rows is called the transpose of A and is denoted by A’ or AT,
Negative of Matrix-LetA=[a, il be a matrix. Then the negative of the matrix A is defined as the matrix
[-a;],, ., and is denoted by “A.
Symmetric Matrix - a square matrix A is said tobe symmetricif A'= A
Thus a square matrix A= [au] is symmetric if A= [a, | is symmetric if a;=-a; for all values ofi and j.
Skew-Symmetric Matrix - A square matrix Ais said tobe skew-symmetric if A’ = — AThusa square matrix
A= [a;] is skew-symmetric if a;=-a; for all values ofi and j.
In particular a; =—a, = 2a, =0 =a; = 01i.c. all diagonal elements of a skew-symmetric matrix are o.
For any square matrix A with real number entries, A+ A’ isa symetric matrixand A — A’ isa skew symetric
matrix.
Any square matrix can be expressed as the sum of a symetric and a skew symetric matrix.

mXxn

. 1 . . .
If A be a square matrix, then we can write A = i(A +A)+ li(A —A"),here (A +A’) issymetric matrix
2 2 2

d l(A A ) is skew symetric matrix.
2
Addition of Matrices - Let there be two matrices A and B of the same order m x n. then the sum denoted
by A + B is defined to be the matrix of order m x n obtained by adding the corresponding clements of
Aand B.
Thusif A= [a;],,. ,

Scalar Multiplication of a Matrix-Let A=[a ] . beamatrixand K is a scalar. Then the matrix obtained

by multiplying each element of matrix A by K is called the scalar multiplication of matrix A by K and is

denoted by KA or AK.

Multiplication of Matrices - Product of two matrices exists only if number of column of first matrix is equal

to the number of rows of the second. Let Abe m x nand Bbe n x p matrices. Then the product of matrices

A and B denated by A.B is the matrix of order m x p whose (i, j)th clement is obtained by adding the

products of corresponding elements of ith row of A and jth column of B.

Elementary Row Operations - The operations known as elementary row operations on a matrix are-

() The interchange of any two rows of a matrix. (The notations R, <> R, is used for the interchange of
the i-th and j-th rows.)
(i) The multiplication of every element of a row by a non-zero element (constant).

(The notations K.R, is used for the multiplication of every element of i-th row by a constant K.

@iii) The addition of the elements of a row, the product of the corresponding elements of any other row by
any non-zero constant. (The notation R, + K.R. is generally used for addition to the elements of
i-th row to the element of j-th row multiplied by the constant K (K # 0))

Invertible matrices - If Ais a square matrix of order m, and if there exists another square matrix B of the

same order m, such that AB = BA =1, then B is called the Inverse matrix of A and it is denoted by A™'. In

that care A is said to be invertible.

andB= [bij]an thenA+B= la; + bij]m “n



24. If A and B are invertible matrices of the same order, then (AB)™' =B~ A7,

25. Inverse of amatrix by elementry operations - Let X, A and B be matrices of, the same order such that X =
AB. In order to apply a sequence of elementry row operations on the matrix equation X= AB, we will apply
these row operations simultancously on X and on the first matrix A of the product AB on RHS.
Similarly, in order to apply a sequence of elementry column operations on the matrix equation X = AB, we
will apply, these operations simultaneously on X and on the second matrix B of the product AB on RHS.
In view of the above discussion, we conclude that if A is a matrix such that A~ exists, then to find A~
using clementry row operations, write A=A and apply a sequence of row operation on A= TA till we get,
I=BA. The matrix B will be the inverse of A. Similarly, if we with to find A~ using column operations, then,
write A= Al on A=TAtill we get, [=BA. The matrix and apply a sequence of column operations on A= Al
till we get, [=AB.

Remark - In case, after applying one or more elementry row (column) operations on A=1A (A= Al). If we
obtain all zero in one or more rows of the matrix Aon L. H.S., that A~ does not exist.

CONNECTING CONCEPTS

1. Theelements a; of a matrix for which i = j are called the diagonal elements of a matrix and the line along
which all these elements lie is called the principal diagonal or the diagonal of the matrix.
2. Properties of transpose of the matrices-
(i) (A+BY=A"+PB
(i) (KA)Y =KA’, where K is constant
(i) (AB)'=B'A’
(iv) (A)'=A
3. Properties of Matrix addition-
(i) MatrixAddition is Commutative - If A and B be two m X n matrices, then A+B=B+A
(i) Matrix Addition is Associative - If A, B and Cbe three m x n matrices, then
(A+B)+C=A+B+(C)
4. Properties of Multiplication of a Matrix by a Scalar-
() IfK, and K, are scalars and A be a matrix, then (K, +K)A=K A+ K A,
(i) IfK, and K, are scalars and A be a matrix, then K, (K, A) = (K| kz) A.
@iii) If Aand B are two matrices of the same order and K, a scalar, then K (A+B)=KA+KB.
(v) IfK, and K, are two scalars and A is any matrix then (K, +K) A=K, A+ K A,
(v) IfAisany matrix and K be a scalar.
then (-K)A=—-(KA)=K (-A).
5. Properties of Matrix Multiplication -
(i) Associative law for Multiplication - If A, B and C be three matrices of order m x n and n x p and
p X q, respectively, then (AB) C=A (BC).
(ii) Distributive Law - If A, B, Cbe three matrices of order m x n, n x pandn X ¢ respectively.
thenA-(B+C)=A-B+A-C
(iii) Matrix Multiplication is not commutative.
ie. A-B=B-A
(iv) The existence of multiplicative Identity : For every square matrix A, there exists an identity matrix of
same order such that [A= Al=A.
6. IfAbe anyn x n square matrix, then
A-(AdjA)=(AdjA)- A=Al L
where I isann x nunit matrix
7. (1) Onlysquarematrix can have inverse
(i) Thematrix B=A", will also be a square matrix of same order A.
(iii)y The square matrix A is said to be invertible if A exists.
8. Every invertible matrix possesses a unique inverse.
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DETERMINANTS

KEY CONCEPTS INVOLVED

Determinant - (i) A determinant is a particular type of expression written in a special concise form of rows
and columns, equal in number.
a b,

b

2 2

For example A= is a determinant having 2 rows and 2 columns, hence it is of second order. The

numbers a,, b,, a, , b, are called the elements of the determinant. The value of the above determinant of
a b ¢

third order is written as A=, b, ¢,| . It hasthree rows and three columns.
a; by ¢

The number of elements = 32=9. In general, the number of elements in a determinant of order n=n?,

[a D] Ja b

@) IfA= L c d | ; is a matrix then determinant of matrix A is written as |A| or det (A) = d

(i) Only square matrices have determinants.

Minors - The determinant obtained by deleting the i-the row and j-th column passing through the element
a; is called the minor of element a;; and is denoted by M.

Cofactors - The cofactor of element a_. is (—1)' "I times the determinant obtained by deleting the i-th row
and jth column passed through a; and is denoted by C; i.e. C; = (-1)' "/ M,

Values of the determinant - The sum of the products of elements of any row (column) by the corresponding
co-factors is equal to the value of the determinant.

a b C

11 12 13

letA= Ay by 23|, Then A =a;; ¢;; + a5 €15+ 255 Cp3

a a a

31 32 33

Area of a Triangle - The area of the triangle whose vertices are (x,,y,) . (X,, ¥,) and (X, y;) is

X vy, 1
= 5 X, y, 1
X, y; 1

(1) The area is positive, take only absolute value.
(i) Ifthe three points are collinear, the area of triangle is zero.
|AB|=|A||B|
A square matrix is invertible if and only if A is non-singular.
Linear system of Equations -
Consistent System - The system of equation is said to be consistent if it has one or more then one
solutions.



10.

11.

12.
13.

Inconsistent System - The system of equation is inconsistent if it has no solution
Consider the system of equation
ax+by, cz=4d,
a,x+by, cz=d,
a,x+by, cz=d,
a, b, ¢ x| d, |
h? b 8W,X:[y“mdB:[f|
let A=l 2 5 | "] | 2|
La3 b, C3|J ||_Z|J Ld3J

The given system of equation can be written as

bl m

|az 2 Cz [Y]= 4|
La3 b, C3|J LZJ Ld3J
or AX=B
: X=A"B.

Consistence/Inconsistence of system of Equations
(a) For anon-homogeneous system of equation AX # 0
(@) If|A| =0, AX =B hasaunique solution.
(i) If|A|=0, and (adj A) B#0
then the system of equation is inconsistent.
@iii) If|A|=0and (adj A) B =0, then the system of equation has infinitely many solutions.
(b) For the homogeneous system of equation AX =0
@) If|A|#0, thesolutionis x=0,y=0,z=0. This s called the trivial solution.
(i) If|A|=0, the system has infinitely many solution. In such a case, we put one of the variables equal
tok. let z=k, then we find the value of x and y in terms of k.
Adjoint of a Determinant - The adjoint of a square matrix is the transpose of matrix cofactors. If Aij isthe
cofactor of a;; of det A or [a, the

[A A A T JA A A ]
| 11 12 13 11 21 31
adj A =| Ay Ay Ag ' - \ Ap Ay Ay ‘

LA31 Agp A33|J LAB A A33|J

1
Inverse of a matrix - Inverse of a matrix A, A™' = 1Al adj A ;if |A|# 0 i.e., matrix A is invertible or non-

singular.
If A is a square matrix, then A (adj A)= (adj A) A=|A]. 1
(i) (ABY'=B1. A (i) At=(ANHT (i) (AHY1=A

CONNECTING CONCEPTS

1.

The value of the determinant does not change when rows and columns are interchanged. The determinant
obtained by interchanging the rows and columns is called the transpose of the determinant and is denoted
by AT. Thus A = AT,
If all the elements of a row (column) are zero, then the value of the determinant is zero.
The interchange of any two rows of the determinant changes its sign.
Thus if A* is the new determinant obtained on interchanging any two rows (columns), then

A=—A*



Ifi-th and j-th row are interchanged then this operation is denoted by R, «— R,

If all the elements of a row (column) of a determinant are multiplied by a non-zero constant, then the
determinant gets multiplied by the same constant. Thus if we apply R, — pR,, i.¢, each element ofi-th row
is multiplied by p, then we get

1
A¥=pA or A=~ A*P=0)
p
Ifall the elements of a row (column) are proportional (identical) to the elements of some other row (column)

then determinant is zero.
If each element of any row (column) is sum of two numbers, the determinant can be expressed as the sum
of two determinants of the same order eg.

a+o, b ¢l la b ¢ o, b, ¢
pta, by o=la by Gy, b o
a;+o; by ¢l jag by ¢ o, by G

The value of a determinant remains unaltered under an operation of the form
R; > R;+pR, — similarly, for columnsi.c., operation of the form C;, — C, + pC, +q C: j. k=1

If a determinant A (x) becomes zero on putting x = o, then (x— o) is a factor of A (x).
Determinant which have all elements equal to zero except the diagonal elements, is equal to the product of
the diagonal elements.

a0 o0

0 b 0 =abc

0 0 ¢
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CONTINUITY AND
DIFFERENTIABILITY

KEY CONCEPTINVOLVED

Continuity - A real valued function f (x) of variable x defined on an interval I is said to be continuous at

x=a e I, limf(x) exists, is finite and is equal to f (a).
X—a

lim f(a+h) = 11m f(a-h) =f(a), where ‘h’ is a very small +ve quantity.
h—0

A function f (x) is sald to be continuous in an interval I, if it is continuous at each point of the interval.
Discontinuity - A function said to be discontinuous at a point x = a, if it is not continuous at this point.
This point x = a where the function is not continuous is called the point of discontinuity.
Suppose f and g be two real functions continuous at a real number ¢, then

@ f+ giscontinuous atx =¢

(i) f—giscontinuousatx=c¢
(iii) ff- g is continuous at X =¢

(@) g is continuous at x = ¢, (provided g (c) #0)

1

(1) If g is a continuous function, then ; is also continuous.

(i) Suppose fand g are real valued functions such that (fog) is defined at ¢. If fand g is continuous at ¢
then (fog) is also continuous at c.
Differentiability - The concept of differentiability has been introduced in the lower class let f be a real

function and ¢ is a point in its domain. The derivative ' (¢) of f at ¢ is defined as lim fer) =T (c) ,
h—0 h
provided limit eédsts £ by — f
. !X !— 1X)
Thus, ' (¢)=" [f(x)]. f'(x)isdefinedas f’(x)=lim
dx ¢ h—0 h

Every differentiable function is continuous.
Algebra of Derivatives - Let u, vbe the function of x.
i) uxv)y=u=zxVv

(11) WV)\r— u V + uV

L

Chain Rule - If f and g are differentiable functions in their domain, then fog (x) or f g (x) is also differentiable
and (fog)' (x)=1f" g(x) x g' (x)
o dy dy du
Moreeasilyify=f(u)andu=g(x),then ~ = =~ x __
d do d
. . . . 3 .u X. dy dy du dv
If yis a function of u, uisa function of v and v is a function of x then = = = X X |
dx du dv dx
Implicit functions - An equation in the form f(x, y) = 0 in which y is not expressible in terms of x is called
as an implicit function of x and y.

, wherev=0.
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11.

dy

Both sides of equations are differentiated term wise with respect to x then from this equation ax is

obtained. It may be noted that when a function of y occurs, then differentiate it w.r.t. y and multiply it by
dy
dx’
dy dy
Collect the terms containing &at one side and find ax
Exponential function - The exponential function with positive base b > 1, is the function y=b*.
(@i The graph of y= 10*is
(i) Domain=R
(i) Range=R"
(@iv) The point (0, 1) always lies on the graph.
(v) Itisan increasing function
(Vi) Asx >—-00y—0

Lood o d _
(vi) — a*=a*log a, et =¢e"
dx e dx y

A0, 1)

0

’

y
Logarithmic function - Let b> 1 be areal number. b* = a may be written aslog, a=x.
() The graph of y = log,,x is
(i) Domain=R*
(i) Range=R
(@iv) Itisan increasing function.
(V) Asx—>0,y—> —oo.
(vi) The functiony = ¢*and y = log_x are the mirror images of each other

o d 1 d 1
(vii) &(logax)= glogae, &10g6x=§
y
N
y=logip X
X' 5 / 4.9 > X
Y

12. Derivatives of functions in Parametric form - The set of equations x = f (t), y = g (t) is called the

parametric form of an equation.



13.

14.

15.

Bopo Py, . Tl

Now,
dt dt d dx dx/dt (0
Second order derivative-let y= f(x) then Y =)
dx

Iff’ (x) is differentiable, then it is again differentiated and get

g(m o &

dx\dx /™ — _ ¢

» =1"(x)

d2y dX

Sor £’ (x) is called the second derivative of y or f (x) with respect to x.

dx

Rolle’s Theorem - Let £: [a, b] — R be continuous an closed interval [a, b] and differentiable an open
interval (a, b) such that f (a) = f (b) where a, b are real numbers, then there must exists at least one value
¢ € (a,b) of x,such that f'(c)=0.

y

»

N

0] a ¢ Co b

v,
y!

We observe that f (a) = f (b), There exists two point ¢; and ¢; € (a, b) such that f'(c;)=0and f’ (c2) =0,
i.e. Tangent at ¢, and c; are parallel to x-axis.

Mean Value Theorem- Let f: [a, b] — R be a continuous function on the closed interval [a, b] and
differentiable in the open interval (a, b), then there must exists at least one value ¢ € (a, b) of x, such that

f(b)-1f(a)

fo=—-4 v

B [b, f(b)]

f(b)-£f(a)
Here, “b-a is the slope of secant drawn between A [a, f(a)] and B [b, f (b)]. There is at least one

point ¢ € (a, b) of x where slope of the tangent at x = ¢ is parallel to chord AB.

CONNECTING CONCEPTS

Some common type functions as constant function, Identity function, implicit function, Modulus function,
Exponential function, and logarithmic function are continuous in their domains.

Every polynomial function is differentiable at each x € R.

The exponential function a*, a> 0, is differentiable at each x e R



K AANNPRW

Every constant function is differentiable at each x € R.
The logarithmic function is differentiable at each point in its demain.
Trigonometric and inverse-trigenometric functions are differentiable in their domains.
The sum, difference, product and quotient of two differentiable functions is differentiable
The composition of differentiable function is differentiable function.

(1) log, pq =log, p +log, q

@) log, P log, p—log,q

q °

(i) log, p*=xlog, p

log, p
) log p=
() log,p log,
Derivativs of Inverse Trigonometric Functions.
Functions Domain Derivative
1
sin!x [-1,1] -
-1
cos! x [-1,1] T
1
tan ' x R 12
-1
cot'x R 142
X 1
sec! x (—0,—1]w[1, ) X1
-1
cosec™! x (o0, -1) U [1, o0)
x- -1
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APPLICATION OF
DERIVATIVES

KEY CONCEPTS INVOLVED

Rate of change of Quantities — Let y = f (x) be a function. Ifthe change in one quantity y varies with

dy

another quantity x, then =~
dx

. d
or f' (x) denotes the rate of change of y with respect to x. —dy}
X= XO

or f'(x,) represents the rate of change of y w.r.t. x atx = x,,.
Increasing and Decreasing function at x, A function fis said to be

(@) Increasingon an interval (a, b) ifx, <X, in (a, b) = f (x,) <f(x,) forall x, , x, € (a, b)
Alternatively, if f' (x) > 0 for each xin (a, b)
(b) Decreasing on (a, b) ifx, <x, in (a, b) =f(x,) >f(x,) forall x, , x, € (a, b) Alternatively, if f' (x) <0 for
each xin (a, b)
Test : Increasing/decreasing/constant function — Let f be a continuous on [a, b] and differentiable in an
open interval (a, b), then.
(i) fisincreasingon [a, b], if f' (x) >0 for each x € (a, b)
(i) fisdecreasingon [a, b], if ' (x) <0 for each x € (a, b)
(iii) fisconstanton [a, b], if f' (x) =0 for each x € (a, b)
Tangent to a Curve — Let y = f (x) be the equation of a curve. The equation of the tangent at (X, Y,) is

Y—Y,=m (X~-X,), where m = slope of the tangent = dl} or f'(x,)
dx (X0, Yo)
Normal to the Curve — Lety = f (x) be the equation of the curve Equation of the normal at (x,, y,) is
1
y- yo :_a (X_Xo)
where m = Slope of the tangent at (X, Y,)
= d—y} or f'(x,)
dx (X0, Yo)
Approximation— Lety=f(x), Ax be asmall increament in x and Ay be the increament in y corrseponding
d
tothe increamentin x, i.e., Ay =f (x + Ax) — f (X). Then approximate value of Ay = (d%(/) AX

Maximum Value, Minimum value, Extreme Value — Let f be a function defined in the interval I, then
(i) Maximum Value — If there exists a point c in | such that f (¢) > f (x), for all x e I then f (c) is called
maximum value of f in I. The point ¢ is known as a point of maximum value of fin I.
y

/M
X

ol 7/ c \




(i) Minimum Value — If three exists a pointc in I such that f (c) <f (x), v x € |, then f (x) is called the
minimum value of fin I. The point c is called as a point of minimum value of fin |
y

n

f(c)

(0] C

(iii) Extreme Value — Ifthere exists a point ¢ in I such that f (c) is either amaximum value or a minimum
value of fin I, then f (c) is the extreme value of f (x) in I.
The point c is said to be an extreme point.
y

o

o a b

Absolute Maxima and Minima — let f be a continuous function on an interval | = [a, b]. Then f has the
absolute maximum value and fattains it at least once in I. Similarly, f has the absolute minimum value and
attains at least once in |

—+
o)
D
=

x
===
Qo
O
o
o

0

Atx=b, thereis alocal minima

At x =c, thereisa local maxima

Atx =g, f(a) is the greatest value or absolute max. value.

At x=d, f(d) is the least value or absolute min. value.

Local Maxima and Minima — let f be a real valued function and c be an interior point in the domain of

f, then

(@ Local Maxima — c is a point of local maxima if there is an h > 0, such that f (c) > f (x) for all
xe[c—h,c+h)
The value f(c) is called local maximum value of f.

(b) Local Minima — c is a point of local minima if there is an h > 0, such that f (c) < f (x) for all
xe(c—hc+h)
The value of f(c) is known as the local minimum value of f.
Geometrically — If x = cis a point of local maxima of f, then



0 )

fisincreasing (i.e., f' (x) > 0) in the interval (c - h, c) and decreasing (i.e., f' (x) < 0) in the interval
(c,c+h)

= f'(c)=0

Similarly, if x = cis a point of local minima of f, then f is decreasing (i.e., f’ (x) <0) in the interval
(c—h, ) and increasing (i.e., f' (x) > 0) in the interval (c, ¢ + h).

= f'(c)=0

10. Testof Local Maximaand Minima—

11.

(i) Letf bea differentiable function defined on an open interval | and ¢ e | be any point. f has a local
maximaor a local minimaatx=c, f'(c) =0
y

0

(i) Iff" (x) changes sign from positive to negative as x increases from left to right through ci.e.,
(@ f' (x)>0ateverypointin(c—-h,c)
(b) f' (x) <0 ateverypointin (c, c+h)
Then c is called a point of local maxima of fand f (c) is local maximum value of f.
(iii) If f (x) changes sign from negative to positive as x increase from left to right through ci.e.,
(@ ' (x) <0ateverypointin(c—-h,c)
(b) f' (x) > 0 ateverypointin (c, c+h)
Then cis called a point of local minima of f and f (c) is a local minimum value of f.
(iv) If f’ (x) does not change sign as x increases through c, then c is neither a point of local maxima nor a
point of local minima. Such a point is called point of inflection.
Second Derivative Test of Local Maxima and Minima — let f be a twice differentiable function defined on
an interval 1 and ¢ € | and f be differentiable at ¢ € I, then,
(i) x=cisalocal maxima,
iff'(c)=0andf"” (c) <0.
f(c) is the local maximum value of f
(i) x=cisalocal minima, iff'(c)=0andf” (c)>0
f(c) is the local minimum value of f.
(iii) Point of inflection Iff' (c)=0andf"” (c)=0
Test fails. Then we apply first derivative test and find whether c is a point of local maxima, local
minima or a point of inflexion.




12. Tofind absolute maximum value or absolute minimum value —
(i) Findall the critical points wheref' (x) =0
(i) Consider the end point also.
(iii) Calculate the functional values at all the points found in step (i) and (ii)
(iv) Identify the maximum and minimum values out of the values calculated in step (iii). These are absolute
maximum and absolute minimum values.

CONNECTING CONCEPTS

1. Increasing Function - fis said tobe increasing on I, if x, <x, on I, then f (x,) <f(x,). forall x, x, € I.
y

.

2. Strictly Increasing function —fis said to be strictly increasing on I, if x, <X, in I then f (x,) < f(x,) for all
X, X, el

~

o

y
X
o

3. Decreasing function —fis said to be decreasing function on I, if x, <X, in I, then f (x,) > f (x,) for all x , x, € I.
y

L

4. Strictly Decreasing function - fis said to be strictly decreasing function on I, ifx, > x, in I then f(x ) > f
(x,) forall x;, x, € 1.

1

o

y




Particular case of tangent—Letm=tan 6
If6=0,m=0
Equation of tangentisy-y,=01i.e,y=Yy,

If e:g , misnot defined.

1
(X_Xo) = a (- yo)

s s
=—,cot==0
when 0 5 5
- Equation of tangentisx —x, =0 0r x =X,
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INTEGRALS

KEY CONCEPTS INVOLVED
1. Integration —The process of finding the function f(x) whose differential coeffiicient w.r.t. ‘x’, denoted by

F (x) is given, is called the integration of f (x) w.r.t. x and is written as IF(X) dx=f(x)
Thus, integration is an inverse process of differentiation or integration is anti of differentiation.
The differential coefficient of a constant is zero. Thus if ¢ is an arbitrary constant independent of x. then
d
& [f(x)+c]=F (x) Thus IF X dx=f(x)+c
The arbitrary constant c is called the constant of integration.
2. Integration by Substitution

(a) Toevaluate the integral If (ax+b) dx

Putax+ b=t so that adx = dt i.e, dx= - dt
a

1 1
If (ax+b) dx= If (0 dt = F(V), where If(t) dt=F(t)=F(ax+b)
Ifa function is not in some suitable form to find the integration, then we transform it into some suitable
form by changing the independent variable x to t by substituting x = g (t).

Consider 1=[r o ax
dx
Put x=g (1), sothat T g (1)
We write dx=g' (t)dt
Thus I= If(x) -dx = If(g Ogd

But it is very important to guess, what will be the useful substitution.

e, -
dx=logf(x)+
®)®) I o x=logf(x)+c

© [rfeoreedx=f @/ @+D +¢
(d) Some important substitutions

function Substitutions
a2 —x2 x=asin® orx=acos0
a2 +x2 x=atan®

Jx2 — a2 x=asecH
3. Trigonometrical transformations — For the integration of the trigonometrical products such as
sin’x, cos’x, sin®x, cos®x, sin ax cos bx etc.they are expressed as the sum or difference of the sines and

cosines of multiples of angles.
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4. Integration of Some Special Integrals —

dx
(a)ForIax2+bx+c ’I\/ax P andJ:/ax +bx +cdx

[ b ] [ bY¥

¢ w1l T bY dac—v7]
aX2+bX+c=aLX2+*Y+ J:a||x+|+-¥ |_a||X+7|+7Z|
a al |\ 2a) a 4l |[U 2 4 |
b dac — b? R 2 o
Putx+£=t, soodx=dt, T:ik , ax*+bx +cchangestot*+k*,

![2X+g!dX (QX+9) \/27
(b)ForIax2+bx+c I ax+bx+ I(px+q) (ax*+bx +¢) dx
Putpx+q=A . (aX +bx+c)+B
Compare the two sides and find thde value of A and B.
(ax>+bx +¢)+B
Thus I—M—dxz
ax2+bx + ¢

J‘ dx
(ax®> + bx +¢)

T (ax*+bx +0¢)
dx

dx+ B I dx
(ax> +bx +¢)

(ax> + bx +¢)
(ax?> +bx +¢)
o X + (dx [ dx
Similarl ' e — dx + B
y Jax?+bx +¢ J Jax?+bx +c¢ J«/aX2+bX+c

same as do I(px + q)yax® + bx + ¢ dx.

(¢) For I

1
putx+k="

x+k) . JaZ+bx +¢ t

X =

dx
d
IJ(X-OL)(X-B)’IMB—X )
I\/(X —o) (x - PB) dx ,Putx=occosze+[?>sm26

(d) For

dx dx
(e)ForIq/+bco§ “Jasbsiny Ja+?cosx+c]smx
s1nx—|2tan_| 1+t21112X ) cosx—|1—tan | 1+ tan® )thenputtanx/2=t
LY % Y %
() For | poosX +qsinx

a + b cosx + bsinx

Putpcosx+qsin x=A (a+bcosx +bsinx) + B differential of (a+bcos x+bsinx) + C
A, B and C can be calculated by equating

F}f coefficients of cos x. sin x and the constant terms.
Integration by parts J‘u-V dx=u. vdx- 'du

J' | ' J' vdx | dx
Ldx 1
i.e., the integral of the product of two functions = (first function) x (Integral of the second function —

Integral of {(dfferential of first function) x (Integral of second function)}
This formula is called integration by parts.

-k ork*—t?



6. Partial Integration —To Evaluate]ﬂé) dx
Q)

The rational functions which we shall consider here for integration purposes will be those whose
denominators can be factorised into linear and quadratic factors.
P(x)
If ———isimproper fraction, i.c., degree of numerator is equal or greater than the degree of denominator.
QM PX P (x)
Then first we reduce in proper rational function as =T(x)+ ' whereT (x)isapolynomial in x

Q) Q(x)

P, )
Qx)
After this, the integration can be carried out easily using the already known methods. The following Table

7.1 indicates the types of simpler partial fractions that are to be associated with various kind of rational
functions.

and is a proper rational function.

Table 7.1
S. No. Form of the rational function Form of the partial fraction
_ px-q
1 X ,azb _A + _B
' (x—a) (x-b) x—-a x-b
pPX+q A B
2 * 2
: (x—a)’ x-a (x-b)
2
3 px +tgqx +r A + B + _C
: x-a) x-b) x-¢) x—a Xx-b x-¢C
A pX*+qx+r A, B 4 c
: (x-a)*(x-b) x-a (x-aF x-b
px +gx +1 A L Bx+c
> (x-2a) x> +bx +¢) Xx—-a x?+bx+c
Where x? +bx + ¢ can not be
factorised further

In the above table, A, B and C are real numbers to be determined suitably.
Definite Integral — The definite integral of f(x) between thelimitsato bi.e. in the interval [a,b] is denoted

by Lb f (x) dx and is defined as follows. Iabf (x) dx = [F()]° = F(b) - F(a) where If (x) dx = F(x)

General Properties of Definite Integrals —
b b
Prop. 1 I f(x) dxzj f(t) dt
b a
Prop. II j f(x) dx=— L f(x) dx
b c b
Prop. III I f(x)dx= I f(x)dx + I f(x) dx wherea<c<b

b b
Prop. IV j £ (x) dx=j f(a+b—x)dx



In particualr IO f(x)dx :IO f(a—x)dx

2a

Prop. V . f(x) dx
Prop. V Ia f(x)dx=2 Iaf (x) dx, iff(x)is even function
—a 0
I f (x) dx = 0, if f (x) is odd function
33 a a
Prop. VI IO £(x)dx =2 L £(x) dx + L f(2a—x) dx
2a a

Prop. VII L f(x)dx = 2 L £ (x) dx. iff(2a—x)=£(x)
2.

a

f(x)dx =0, iffQa-x)=—f(x)
9. Definite In%e gf)al asthe limit of a sum

I f(x) dx = Limh[f(a) +f(a+h)+f(@+2h) +-+f<a+@-1)h)
a h—0

b .
or I f(x) dx = I;lmh [f(a+h)+f(a+2h)+f(a+3h)+- +f(a+nh)
a —0
b-a
where, h=——

d (v® d d
- I fOd=f{vx)}— vx)-T{u®}— u(x) thisruleiscalled leibnitz’s is Rule.
dx u(x) dx dx

CONNECTING CONCEPTS

1. Integration is an operation on function

2. I [k £ (%) +kaFo(x) +.oooo k£ (X)]dX

=k Ifix)dx+k: |HX)dx+........... +k, |fa(x)dx
3. All functions are not integrable and the integral of a function is not unique.
If a polynomial function of a degree n is integrated we get a polynomial of degree n + 1
4, Integration by using standard formulae —

=

1 Ikdx =kx +¢, k is constant

N

: ka(x) dx=k If(x) dx+c

3. [(fi(x) £ B dx= Ifl(x)dx + Ifz(x)dx+c
Xn+l
4. Ix dx=tem#-1)

W

Il dx=1log.|x|+¢
X

X

a
Ia"dx= +c.a>0
log. a

=

N

Ie"dx= e +c



=

®

o

10.
11.

12.

13.
14.

15.

16.16.

17.
18.18.

19.19.

20.20.

21.

22

23.

24.

25.

Isinxdx=—cosx+c

Icosxdx=sinx+c

Iseczxdx=mnx+c

Icoseczx dx=-cotx+c

Isecxtanxdx=secx+c

ICOSGC xcot xdx=-cosecx+c¢

Itanxdx=log|secx| +c=-logl|cosx|+¢

Icot xdx=log|sinx|+¢C

Isecxdx=log|sec x+tan x|+¢

Icosec xdx=1log|cosecx —cotx|+¢

1 a1 -1
I dx=sin" X+cor —cos x+c¢

1-x°

I 1 dx=tan'x+c or —cot'x+c¢
1+ x?

1

I /—dx—sec x+c or—cosec! x+c¢
Y

X
tan - +C

o L

a
...7:_ log +C, X>a
X - a 2a X+a
dx 1 a+
I 5 > =4lo +¢,x<a
a“—-x 2a a—-x

dx
=

logx + Ja’> +x*> +¢

J‘\/i log x +./x2—a? +
——sec’l(x\+c
I «/X—a 3X LaJ
= + = a*sin™

e =

) (x)

La)

+C



+C

X 1
26.I/X2+az dx=- 2+ a2 +—azlog‘x+ /X2+az
2 2
X 1
27.I 2 2 dx= "~ 2 2 — —a’‘logx + [ 2 > +¢C
X" —Qa X —a X“ —a
\/7 2\/7 2

28, Iex [f(x)+F ()] dx= e f(x) +¢

29. Use of Trigonometric Identities in Integration.

) sin® 1 - cos 2x cos? x = 1+ cos 2x
i) sin?x= ) =
2 2
. . 5 3sinx —sin3x 3 3cosx + cos3x
@) sin’x= 1 , COS™ X = 1

... 2 sinA cos B=sin (A +B)+sin (A-B)
@) > cos A sin B= sin (A + B) — sin (A—B)
2 cos A cos B=cos (A +B)+cos(A-B)
2 sin A sin B=cos (A —B) +cos (A +B)
(x) _ (x)

sin x= 2 sin L_J cos L
2 J
n (n+1)

2
_n@+1)2n-1)
- 6

[n @m+]) P

(iii) 1P+ 23+3%+oeenne +1p:|L447?4,L

()
30.() 1+2+3+-wee +n=

(ii) 124224324 e +1n2

n
(iviat(@+d)+(@+2d)+-- +la+@-1)d]= 7 [2a+(n-1)d]

(v) atar+ar’+ ... +arotl!
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INTEGRALS

KEY CONCEPTS INVOLVED
1. Integration —The process of finding the function f(x) whose differential coeffiicient w.r.t. ‘x’, denoted by

F (x) is given, is called the integration of f (x) w.r.t. x and is written as IF(X) dx=f(x)
Thus, integration is an inverse process of differentiation or integration is anti of differentiation.
The differential coefficient of a constant is zero. Thus if ¢ is an arbitrary constant independent of x. then
d
& [f(x)+c]=F (x) Thus IF X dx=f(x)+c
The arbitrary constant c is called the constant of integration.
2. Integration by Substitution

(a) Toevaluate the integral If (ax+b) dx

Putax+ b=t so that adx = dt i.e, dx= - dt
a

1 1
If (ax+b) dx= If (0 dt = F(V), where If(t) dt=F(t)=F(ax+b)
Ifa function is not in some suitable form to find the integration, then we transform it into some suitable
form by changing the independent variable x to t by substituting x = g (t).

Consider 1=[r o ax
dx
Put x=g (1), sothat T g (1)
We write dx=g' (t)dt
Thus I= If(x) -dx = If(g Ogd

But it is very important to guess, what will be the useful substitution.

e, -
dx=logf(x)+
®)®) I o x=logf(x)+c

© [rfeoreedx=f @/ @+D +¢
(d) Some important substitutions

function Substitutions
a2 —x2 x=asin® orx=acos0
a2 +x2 x=atan®

Jx2 — a2 x=asecH
3. Trigonometrical transformations — For the integration of the trigonometrical products such as
sin’x, cos’x, sin®x, cos®x, sin ax cos bx etc.they are expressed as the sum or difference of the sines and

cosines of multiples of angles.



5.

4. Integration of Some Special Integrals —

dx
(a)ForIax2+bx+c ’I\/ax P andJ:/ax +bx +cdx

[ b ] [ bY¥

¢ w1l T bY dac—v7]
aX2+bX+c=aLX2+*Y+ J:a||x+|+-¥ |_a||X+7|+7Z|
a al |\ 2a) a 4l |[U 2 4 |
b dac — b? R 2 o
Putx+£=t, soodx=dt, T:ik , ax*+bx +cchangestot*+k*,

![2X+g!dX (QX+9) \/27
(b)ForIax2+bx+c I ax+bx+ I(px+q) (ax*+bx +¢) dx
Putpx+q=A . (aX +bx+c)+B
Compare the two sides and find thde value of A and B.
(ax>+bx +¢)+B
Thus I—M—dxz
ax2+bx + ¢

J‘ dx
(ax®> + bx +¢)

T (ax*+bx +0¢)
dx

dx+ B I dx
(ax> +bx +¢)

(ax> + bx +¢)
(ax?> +bx +¢)
o X + (dx [ dx
Similarl ' e — dx + B
y Jax?+bx +¢ J Jax?+bx +c¢ J«/aX2+bX+c

same as do I(px + q)yax® + bx + ¢ dx.

(¢) For I

1
putx+k="

x+k) . JaZ+bx +¢ t

X =

dx
d
IJ(X-OL)(X-B)’IMB—X )
I\/(X —o) (x - PB) dx ,Putx=occosze+[?>sm26

(d) For

dx dx
(e)ForIq/+bco§ “Jasbsiny Ja+?cosx+c]smx
s1nx—|2tan_| 1+t21112X ) cosx—|1—tan | 1+ tan® )thenputtanx/2=t
LY % Y %
() For | poosX +qsinx

a + b cosx + bsinx

Putpcosx+qsin x=A (a+bcosx +bsinx) + B differential of (a+bcos x+bsinx) + C
A, B and C can be calculated by equating

F}f coefficients of cos x. sin x and the constant terms.
Integration by parts J‘u-V dx=u. vdx- 'du

J' | ' J' vdx | dx
Ldx 1
i.e., the integral of the product of two functions = (first function) x (Integral of the second function —

Integral of {(dfferential of first function) x (Integral of second function)}
This formula is called integration by parts.

-k ork*—t?



6. Partial Integration —To Evaluate]ﬂé) dx
Q)

The rational functions which we shall consider here for integration purposes will be those whose
denominators can be factorised into linear and quadratic factors.
P(x)
If ———isimproper fraction, i.c., degree of numerator is equal or greater than the degree of denominator.
QM PX P (x)
Then first we reduce in proper rational function as =T(x)+ ' whereT (x)isapolynomial in x

Q) Q(x)

P, )
Qx)
After this, the integration can be carried out easily using the already known methods. The following Table

7.1 indicates the types of simpler partial fractions that are to be associated with various kind of rational
functions.

and is a proper rational function.

Table 7.1
S. No. Form of the rational function Form of the partial fraction
_ px-q
1 X ,azb _A + _B
' (x—a) (x-b) x—-a x-b
pPX+q A B
2 * 2
: (x—a)’ x-a (x-b)
2
3 px +tgqx +r A + B + _C
: x-a) x-b) x-¢) x—a Xx-b x-¢C
A pX*+qx+r A, B 4 c
: (x-a)*(x-b) x-a (x-aF x-b
px +gx +1 A L Bx+c
> (x-2a) x> +bx +¢) Xx—-a x?+bx+c
Where x? +bx + ¢ can not be
factorised further

In the above table, A, B and C are real numbers to be determined suitably.
Definite Integral — The definite integral of f(x) between thelimitsato bi.e. in the interval [a,b] is denoted

by Lb f (x) dx and is defined as follows. Iabf (x) dx = [F()]° = F(b) - F(a) where If (x) dx = F(x)

General Properties of Definite Integrals —
b b
Prop. 1 I f(x) dxzj f(t) dt
b a
Prop. II j f(x) dx=— L f(x) dx
b c b
Prop. III I f(x)dx= I f(x)dx + I f(x) dx wherea<c<b

b b
Prop. IV j £ (x) dx=j f(a+b—x)dx



In particualr IO f(x)dx :IO f(a—x)dx

2a

Prop. V . f(x) dx
Prop. V Ia f(x)dx=2 Iaf (x) dx, iff(x)is even function
—a 0
I f (x) dx = 0, if f (x) is odd function
33 a a
Prop. VI IO £(x)dx =2 L £(x) dx + L f(2a—x) dx
2a a

Prop. VII L f(x)dx = 2 L £ (x) dx. iff(2a—x)=£(x)
2.

a

f(x)dx =0, iffQa-x)=—f(x)
9. Definite In%e gf)al asthe limit of a sum

I f(x) dx = Limh[f(a) +f(a+h)+f(@+2h) +-+f<a+@-1)h)
a h—0

b .
or I f(x) dx = I;lmh [f(a+h)+f(a+2h)+f(a+3h)+- +f(a+nh)
a —0
b-a
where, h=——

d (v® d d
- I fOd=f{vx)}— vx)-T{u®}— u(x) thisruleiscalled leibnitz’s is Rule.
dx u(x) dx dx

CONNECTING CONCEPTS

1. Integration is an operation on function

2. I [k £ (%) +kaFo(x) +.oooo k£ (X)]dX

=k Ifix)dx+k: |HX)dx+........... +k, |fa(x)dx
3. All functions are not integrable and the integral of a function is not unique.
If a polynomial function of a degree n is integrated we get a polynomial of degree n + 1
4, Integration by using standard formulae —

=

1 Ikdx =kx +¢, k is constant

N

: ka(x) dx=k If(x) dx+c

3. [(fi(x) £ B dx= Ifl(x)dx + Ifz(x)dx+c
Xn+l
4. Ix dx=tem#-1)

W

Il dx=1log.|x|+¢
X

X

a
Ia"dx= +c.a>0
log. a

=

N

Ie"dx= e +c



=

®

o

10.
11.

12.

13.
14.

15.

16.16.

17.
18.18.

19.19.

20.20.

21.

22

23.

24.

25.

Isinxdx=—cosx+c

Icosxdx=sinx+c

Iseczxdx=mnx+c

Icoseczx dx=-cotx+c

Isecxtanxdx=secx+c

ICOSGC xcot xdx=-cosecx+c¢

Itanxdx=log|secx| +c=-logl|cosx|+¢

Icot xdx=log|sinx|+¢C

Isecxdx=log|sec x+tan x|+¢

Icosec xdx=1log|cosecx —cotx|+¢

1 a1 -1
I dx=sin" X+cor —cos x+c¢

1-x°

I 1 dx=tan'x+c or —cot'x+c¢
1+ x?

1

I /—dx—sec x+c or—cosec! x+c¢
Y

X
tan - +C

o L

a
...7:_ log +C, X>a
X - a 2a X+a
dx 1 a+
I 5 > =4lo +¢,x<a
a“—-x 2a a—-x

dx
=

logx + Ja’> +x*> +¢

J‘\/i log x +./x2—a? +
——sec’l(x\+c
I «/X—a 3X LaJ
= + = a*sin™

e =

) (x)

La)

+C



+C

X 1
26.I/X2+az dx=- 2+ a2 +—azlog‘x+ /X2+az
2 2
X 1
27.I 2 2 dx= "~ 2 2 — —a’‘logx + [ 2 > +¢C
X" —Qa X —a X“ —a
\/7 2\/7 2

28, Iex [f(x)+F ()] dx= e f(x) +¢

29. Use of Trigonometric Identities in Integration.

) sin® 1 - cos 2x cos? x = 1+ cos 2x
i) sin?x= ) =
2 2
. . 5 3sinx —sin3x 3 3cosx + cos3x
@) sin’x= 1 , COS™ X = 1

... 2 sinA cos B=sin (A +B)+sin (A-B)
@) > cos A sin B= sin (A + B) — sin (A—B)
2 cos A cos B=cos (A +B)+cos(A-B)
2 sin A sin B=cos (A —B) +cos (A +B)
(x) _ (x)

sin x= 2 sin L_J cos L
2 J
n (n+1)

2
_n@+1)2n-1)
- 6

[n @m+]) P

(iii) 1P+ 23+3%+oeenne +1p:|L447?4,L

()
30.() 1+2+3+-wee +n=

(ii) 124224324 e +1n2

n
(iviat(@+d)+(@+2d)+-- +la+@-1)d]= 7 [2a+(n-1)d]

(v) atar+ar’+ ... +arotl!
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APPLICATION OF THE
INTEGRALS

KEY CONCEPT INVOLVED

Area Under Simple Curves

1.

2.

Let us find the area bounded by the curve y = f (x), x-axis and the ordinated x = a and x=Db. Consider the
area under the curve as composed of large number of thin vertical strips let there be an arbitary strip of
hieght y and width dx. Area of elementary strip dA= ydx, wherey=f(x). Total Arca A of the region between
x-axis.ordinated x = a, x =b and the curve y = f (x) = Sum of arcas of elementry thin strips across the region
PQML

A

o

b b b
A=| dA= deZIf(X)dX

The area A Of the regi?)n bounded by the curve x = g (), y-axis and the lines y = ¢ and y = d is given by
d
A= I xdy A

Ay I x=gy)

o]

Ifthe curve under consideration lies below x-axis, then f(x) <0 from x = a tox =b, the area bounded by the
curvey=f(x), and the ordinates x = a, x= b and x-axis is negative. But the numerical value of the area isto

b
be taken into consideration. Then Area= [1 f(x)dx
N

O dy ¥

y = 1(x)




4. Let some portion of the curve is above x-axis and some portion is below x-axis. Let A; be the area below
x-axis and A- be the arca above of x-axis. Therefore Area bounded by the curve y = f (x), x-axis and the

ordinates x=aandx =b.
A=A |+ A,

Areabetween Two curves
5. Letthe two curves bey=1f(x)and y = g (x). Suppose these curves intersect at x=a and x="b. Consider the

elementary strip of height y where y = f(x) — g (x) with width dx
y

:f ux
I

y=gx)[x=b

X=a

da=ydx

b b b
~ A= I (F(x) —g(x)) dx = I f(x)dx— I g(x)dx
i.e. A= Area bounded by the curveay =f(x)- Area bounded by the curve y= g (x)
6. Ifthetwocurvesy=f(x)and y=g (x)intersects at x=a, x=cand x=b such thata<c<b. Iff(x) > g (x) in
[a, c] and f (x) <g (x) in [c, b], Then the area of the regions bounded by curve.

o
A\

c b

= Area of the region PAQCP+ Area of the region QDRBQ = L (f(x)-g(x))dx + L (g(x)-f(x))dx
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DIFFERENTIAL EQUATIONS

KEY CONCEPTINVOLVED

Differential Equation — An equation containing an independent variable dependent variable and differential
coefficient of dependent variable with respect to independent variable is called a differential equation.

d a2 d
e.g. l+2xy=x%nd s i+6y=x2
dx d<z dx

Order of a differential Equation — The order of a differential equation is the order of the highest order
derivative appearing in the equation.
Degree of a differential Equation — The degree of a differential equation is the degree of the highest order
derivative when differential coefficients are made free from radicals and fractions.
Solution of a differential Equation — The solution of a differential equation is a relation between the
variables involved, not involving the differential coefficients, such that this relation and derivatives
obtained form it satisfy the given differential equation.
General Solution — The solution which contains as many as orbirary constants as the order of the
differential equation is called the general solution of the differential equation.
Particular Solution — Solution obtained by giving particular values to the arbitrary constants in the
general solution of a differential equation is called a particular solution.
Equationsin variable separable form — If the differential equation can be reduced tothe form f(x) dx=g
(y) dy we say that the variables have been separated on integrating both sides of this reduced form, we
get the general solution of the differential equation.

[f(x)dx=]g(y)dy+c ;
Equations Reducible to variable separable form — Differential equations of the form d%= f(ax+by+c)
can be reduced to variable separable form by the substitution ax +by+c=v

Homogeneous Differential Equation — A function f(x,y) is called a homogeneous function of degree n if
F (Ox, Ay) = A"F (x, y) for any non zero constant 7.
d

A differential equation of the form - F (x, y) is said to be homogeneous if F (x, y) is a homogeneous
function of degree zerg, To solve suc}1 ~. a homogenous differential equation of the type
NN .
TF™=g (1)
a ()
. B dy _ dv dv
@ Puty=vxand dx SvEx dx incquation (i). we get reduces tothe formv+x =8 )
dv
= X X =g(V)—-v
dx
Now, on separating the variables, we get

gx)—-v X
Integrate both sides to obtain the solution in terms of v and x.

y
Replace v by X in the solution obtained to obtain the solution in terms of x and y.



10.

dy

If the homogeneous differential equation is in the form F F (x, y), where F (x, y) is homogeneous
X
function of degree, then we make substitution; =vi.e., x=vyand the proceed further to find the general
dx (x)

solution as discussed above by writting ay-F&y= h |\§)|

Linear differential Equations — A differential equation is known as first order linear differential equation, if
dy

7# Py = Q, where P and Q are constant or

the dependent variable y and its derivative are related as d

functions of x.
Steps involved to solve first order linear differential equation:
dy
(i) Write the given differential equation in the form dx + Py = Qand obtain Pand Q.

(i) Find integrating factor, LF. = e/pdx

(i) Multiply both sides of equation in (i) by LF.
(iv) Integrate both sides of the equation obtained in (iii) w.r.t. X to obtain
y(LF)=/Q.(LF.)dx+C
This gives the required solution.

d
In case, the first order linear differential equation is in the form Sy P x=Q ,where,P and Q gare

dy ! 1 1 1
constants or functions of y only. Then LF. = ¢/P1dy and the solution of the differential equation is given by

x.(LF)=§(Qi-LF)dy+C

CONNECTING CONCEPTS

1.

Formation of Differential Equations — Formation of a differential from a given equation representing a
family of curves means finding a differential equation whose solution is the given equation. If an equation
representing a family of curves, contains n arbitrary constants, then we differentiable the given equation
n times to obtain n more equations. Using all these equations, we eliminate the constants. The equation
so obtained is the differential equation of order n for the family of given curves.
d

Methods of solving a differential equation of the type d% =f (x) — To solve this type of differential
equations, first we write the differential equation as dy = f (x) dx
Then integrate boht sides with respect t x to obtain the solution

fdy=[f(x)dx+C
or y=Ifx)dx+C

dy
Differential Equations of the type i f (y) —To solve this type of differential equations, first we write
1

in the form of dx = @ dy them integrate both sides to obtain the general solution
1 1

= fdx=_[f(y) dy+corx=_[f(y) dy+c

2
Differential Equations of the type diyz =f(x)
dx

(i) Integrate both sides of the differential equation in (i) with respect to x to obtain a first order first degree
differential equation.
(i) Integrate both sides of the first order differential equation obtained in (ii) with respect to x.
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VECTOR ALGEBRA

KEY CONCEPT INVOLVED

Vector — A vector is a quantity having both magnitude and direction, such as displacement, velocity,
force and acceleration.
ABis a directed line segment. It is a vector AB and its direction is from Ato B.
A B
Initial Points — The point A where from the vector AB starts is known as initial point.
Terminal Point — The point B, where it ends is said to be the terminal point.
Magnitude — The distance between initial point and terminal point of a vector is the magnitude or length
of the vector AB. It is denoted by | AB| or AB.

Position Vector — Consider a point p (X, y, z) in space. The vector OP with initial point, origin O and
terminal point P, is called the position vector of P.

P(x v, 2)
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Types of Vectors

(i) Zero Vector Or Null Vector — A vector whose initial and terminal points coincide is known as zero
vector (O).
(i) Unit Vector — A vector whose magnitude is unity is said to be unit vector. Itis denoted as a~ so that
|a'| =1L
@iii) Co-initial Vectors—Two or more vectors having the same initial point are called co-initialvectors.
@iv) Collinear Vectors — If two or more vectors are parallel to the same line, such vectors are known as
collinear vectors.
(v) Equal Vectors — If two vectors a and b have the same magnitude and direction regardless of the
positions of their initial points, such vectors are saidtobe equal i.e., a=b.
(vi) Negative of a vector — A vector whose magnitude is same as that of a given vector AB , but the
direction is opposite to that of it, is known as negative of vector AB i.e, BA =— AB
Sum of Vectors
(i) Sum of vectors a and b let the vectors a and b be so positioned that initial point of one coincides
with terminal point of the other. If a = AB , b = BC . Then the vector a + b is represented by the third
side of AABC. i.e, AB + BC = AC ..(1)



o\
X
¢

A = >—B
a

This is known as the triangle law of vector addition.
Further AC =— CA

AB+BC=-CA .. AB+BC+CA=0
when sides of a triangle ABC are taken in order i.e. initial and terminal points coincides. Then

AB+BC+CA=0
(i) Parallelogramlaw of vector addition —Ifthe twovectorsa and b arerepresented by thetwo adjacent

sides OA and OB of a parallelogram OACB, then their suma + b is represented in magnitude

and direction by the diagonal OC of parallelogram through their common point O i.e., QA + OB = OC
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Multiplication of Vector by a Scalar— Let a be the given vector and 7 be a scalar, then product of . and
a=Ja
(i) when 2 is+ve, then a and L a are in the same direction.
(i) when 7 is—ve. then a and %a are in the opposite direction. Also |1 ;| = | |z:| .
Components of Vector — Let ustake the points A (1, 0, 0), B (0, 1, 0) and C (0, 0, 1) on the coordinate axes

0X, OY and OZ respectively. Now, |OA|=1, |OB| =1and |OC| =1, Vectors OA, OB and OC each

having magnitude 1 is known as unit vector. These are denoted by I 3 and k.

(0, 1,0)
A(1,0,0)

Consider the vector OP , where P is the point (x, y, z). Now OQ, OR, OS are the projections of OP on
coordinates axes.

0Q=x.OR=y,0S8=z o 0Q=xi OR=yj , OS=zk



PR P Ax]y. z)

A A A = -
= OP=xi,+yj,+7zk ., |OP|={x*+y*+7> =|r]

X, y, zare called the scalar components and x I y} , 7k are called the vector components of vector OP .
7. Vector joining two points — Let P (x,, y,, z,) and P.(x,, v, z,) be the two points. Then vector joining the

points P,and P, is PP, . Join P,, P, with O. Now OP, = OP; +P,P, (by triangle law)

2 (X0, V2, 70)
Py(x1,¥1. 21)

PP, =OP, - OP,
= gxzi+y23+2212)—(x1i+ylj+zllz) = (Xp—Xp) i+ ¥2—-¥1) j +(22-7) k
‘Plpz‘ = \/(Xz -1+ =)+ (2 -7)

8. Section Formula

PR m
@ A line segment PQ is divided by a point R in the ratio m : n internally i.e., =
RQ n
. ® *
P() R(T) Q(b)
If a and b are the position vectors of P and Q then the position vector r of R is given by
- -
; _mb+na
m+n
I
- a+b
IfR be the mid-point of PQ, then r =
2

(i) whenR divides PQexternally,ic., |a'-b|n

@ L L
P(a) Q(b) R(r)
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Projection of vector along a directed line — Let the vector AB makes an angle 0 with directed line .
Projectionof ABon = — g==" —-
|AB| cos AC »p.

The vector p

| which is known as projection of vector
AB. The angle 0 between AB and AC is given by

—

cosO = -AC AB.AC
ABA ., Now projection AC= | AB| cos6 =
|AB||AC| | AC|

-
p—

AC\ - - —5( -
=AB|—=  |. If AB=a then AC=a|—=p |=a-p
\[AC]) 5 \Ipl)

- -
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Thus, the projectionof a on b = a-|— | =

\Ibl)

Scalar Product of Two Vectors (Dot Product) — Scalar Product of two vectors a and b is defined as
- -
a-b=|a||b|cosb

Where 0 isthe angle between a and b (0<06<m

- = - = - =

(i) when 6 = 0thenab—|a|‘b‘ ab Alsoa-a= fa|laj=aa=a
Pi=jj=kk=1
=" R T

,thena-b=|a||b]| cos 5:0

>—->

(i) when

Vector Product of two Vectors (Cross Product) — The vector product of two non-zero vectors a and b,
denoted by axb is defined as

-
axb = |a||b|sin 0-n , where 0 istheanglebetween a and b, 0<0<x .

Unit vector 1 is perpendicular to both vectors a and b such that a-b and n form a right handed
orthogonal system.

(@) If0=0,then axb=0, ..axa=0
and .'.ix{:jszﬁxf(zo
If0="1/, thenaxb=|a b|f



CONNECTING CONCEPTS

1. Direction Cosines —Let OX, OY, OZ be the positive coordinate axes, P (x, y, z) by any point in the space.
Let OP makes angles o, 3, y with coordinate, axes OX, OY, OZ. Theangle o, 3, v are known as direction
angles, cosineof theseanglesi.e.,
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cos o, cos B, cos y are called direction cosines of line OP. these direction cosines are denoted by +, m, n
ie, *=coso, m=cos P, n=cosy
2. Relation Between, 1, m, n and Direction Ratios—

The perpendiculars PA, PB, PC are drawn on coordinate axes OX, OY, OZ reprectively. Let |OP |=1

In AOAP, £ A=90° cosa.= i= *, . x='1, In AOBP. £/B=90° cosP = ¥ =m .. y=mr
r r

In AOCP, £C=90° cosy= E =n, - z=nr

T
Thus the coordinates of P may b expressed as ( *r, mr, nr)
Also, OP?=x2+y>+ 22, = (I)* + (mr)* + (nr)* = 2+m’+n’=1
Set of any there numbers, which are proportional to direction cosines are called direction ratio of the
vactor. Direction ratio are denoted by a, band c.

The numbers *r mr and nr, proportional to the direction cosines, hence, they are also direction ratios of

vector OP .
3. Properties of Vector Addition —

- - -
1. For two vectors a,b the sum is commutativei.e., a+b=b+ a

N
2. For three vectors a,b and c, the sum of vectors is associative i.e.,
- E -

(a+b)tc=a+{d+c)

4. Additive Inverse of Vector a —Ifthere exists vector — a such that _;1 + (—5 = ; - ; =0 then— a iscalled

the additure inverse of a_, -

A A

5. SomeProperties— Let =a +a j+ =bi+b j+b k
a 1 2 a3kandb 1 2 3
() 747 =@ i+a j+a B+ (b i+b j+b Kk =@ +b)i+@+b) j+@ +b)k
a'b 1. 2 3 1 2, 3, 11 2 2 3 03
(i) » - +a jtak=(b +b j+bk = a=b,a=b.,a=b
a=bor(ai 5 3, 1 . 2 3 ~1 1 2 2 3 3
(i) (i) k_':k(a i+a j+a k) =(@(a)i+(a )j+ (ha )k
a 1 2 3 1 2 3

(iv) a and b are parallel, if and only if there exists a non zero scalar A such that b = k_)a



ie, bi+b,jtbik=%h(ai+a,]+ask) = Qa)i+ (ay)j+ (has)k

b
b=ha,.b=ka.b=)a .b _b=273=)
1 1 2 2 3 3 e T
4 d a3

6. Propertics of scalar product of two vectors (Dot Product)
5 -

a .
@cos f=—o =

- laflel -
f and ) ) )
a:aJi—>+asz+a3kA b\:bli:"_ij:":bSk,\ N
Then, (@ai+a j+ak)-bi+b j+b k), ‘b=ab +ab +ab
a-b= 2 3 1 2 3 a 11 22 33
. 0= "% a b +a b +a b
= 151 AR R T T s \/b7_b7_b7
1z, a +a +a
(11) is commutative i.e., b =b: ”
a-b a a
. - - -
(iii) Ifovisascalar, then (o a)-b=o(a -b)=a- (ab)
7. Properties of Vector Product of two Vectors (Cross Product) —
-
@ (a)If_}a =0orb=0, then g x =0
oI - xb =0
a b, then a
I
@i a xb isnotcommutative
i.c. axb=bxa ,but axb=-bxa
=
(i) If a and b represent adjacent sides of a parallelogram, then its area | “a B

- -7
@iv) If a, b represent the adjacent sides of a triangle, then its area = > laxb]
- -
(v) Distributive property a x(bke) =ax brax ¢
(@) Ifubea scalar, then o xb)=( b (ab)
o i . . (a, 0a)x =ax
(b If -7 )
a=aji+a,j+ask, and b=bji+b,j+ bk

~

Then, _>><b=zil é 1§

a 12 3
by by bs
S - -
8. Ifa P vy are the direction angles of the vector = (a +a j+a k) . Then direction cosines ofa are
11 a 1 2 3

given as

a Ay _ gé
coso=717r> cos B =777, COSYT
lal lal |al



9. Scalar Product of Two Vectors (Dot Product) — Scalar Product of two vectors a and b is defined as
|a| |b| cos 0 2
where 6 is the angle between a and b | 0<0< |
2
. - - _1 k )
@i When0=0, thena-b =4 |t) .Also a-aaa=a’
ii=jj=k-
T -7
() When0=_,a-b=1J |b| cos — 3 =0
2



THREEE
DIMENSIONAL
GEOMETRY

GENERAL KEY CONCEPTS

Distance Formula : Distance between two points A(X;, v;, z;) and B(x,, v5. 7,),

AB= (x—X)*+ (2 —¥1) + (22 —2)°

Section Formula :
() Ifapoint R divides the line segment joining the points A(x,, y;. z;) and B(X,, y,, Z,) in the ratio
m : n internally, then

R mx; nx; my, ny, mz, nz
mn mn  mn

(i) Ifapoint R divides the line segment joining the points A(x,, y;. z;) and B(X,, y,, Z,) in the ratio

m : n externally, then

R mx; nx; my, ny, mz, nz
mn mn  mn

Mid-point Formula : If R be the mid point of the line segment joining the points A(xi, y1) and B(xa, y2).

R X1 X 1 Y2 41 2

> >

2 2 2

Centroid of the triangle whose vertices are (X, ¥1. Z1), (X5, V5. Zy) and (X3, ¥3, Z3) is

(X1 +X32+X3 ﬁ+V§+V3 ZI+Z§+Z3 \|

>

\ )

CONNECTING CONCEPTS

To locate the position of a point in three dimensional space, we consider a rectangular coordinate
system of three mutually perpendicular lines as the coordinate axes. These axes are called x, y and z-axes.
The three planes determined by the pair of axes are the coordinate planes called XY, YZ and ZX-planes.
The three coordinate planes divide the space into eight parts known as octants.

The coordinates of a point P in three dimensional geometry is always written in the form of triplet like (x,
y, 7). Here x, y and z are the distances of the point P from the YZ, ZX and XY -plane.

The co-ordinate of a point in three dimensional space are also the distances from the origin of the feet
of the perpendicular drawn from the point on the respective co-ordinate axes.




3. The sign of the coordinates of a point is determined by the octant in which the point lies.

Cof))rjﬁ I II it v v VI VII VIII
X + _ - n n — —
Y + + - - + + —
z + + + n ~ —

4. (i) Anypoint on x-axisis of the form (x, 0, 0)
(i) Anypoint on y-axis is of the form (0, y, 0)
(i) Any point on z-axis is of the form (0, 0, y)

5. Thedistance of the point (x, y, z) from the origin is givenby /x? 4+ y2 + 722
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PROBABILITY

KEY CONCEPT INVOLVED

Conditional Probability — Let E and F be two events of a random experiment, then, the probability of
occurance of E under the condition that F has alredy occured and P (F) # 0 is called the conditional
probability. It is denoted by P (E/F)

PEANF)

The conditional probability P (E/F) is given by P (E/F) = , WhenP (F) =0

Properties of conditional probability —
(i) IfF be an event of a sample space s of an experiment, then P (S/F) =P (F/F)=1
If A and B are any two events of a sample space S and F is an event of s such that P (F) = 0, then
(i) P(AwB/F)=P(A/F)+P(B/F) - P(AnB/F)
IF A and B are disjoint event then P(A w B/F) = P(A/F) + P (B/F)
(i) P(E/F)=1-P(E/F) or P(E'/F)=1-P(EF)
Multiplication Theorem On Probability — Let E and F be two events associated with a sample
space S. P(E n F) denotes the probability of the event that both E and F occur, which is given by
P (E ~F)=P(E)P (F/E)=P (F) P (E/F), provided P (E) = 0 and P(F) # 0
Independent Event—
(i) EventsE and F are independent if P (E ~F)=P (E) x P (F)
(i) Two events E and F are said to be independent if P (E/F) =P (E) and P (F/E)= P (F)
provided P (E)=0and P (F)#0
@iii) Three events E, F and G are said to be independent or mutually independent if
PENFNG)=P(E)PF)P(G).
Random Variable — A random variable is a real valued function whose domain is the sample space of
random experiment.

Baye’s Theorem —IctE |, E , -ceeeeeeene ,E, be the x events forming a partition of sample space Si.c. E|, E,.

-------------- , B are pairwise disjoint and E, w E,\ «-eeeeeeees U E_ = S and A is any event of non — zero
- PE) P (A/E, .

porbability, then P (E/A) = — E) P AJE) foranyi=1,2,3,...... ,n

> PE)PAI/E)
=1

Bernoulli Trial — Trials of a random experiment are said to be Bernoulli’s trials, ifthey satisfy the following
conditions :

(i) The trials should be independent.

(i) Each trial has exactly two outcomes ex- success or falilure.
@iii) The probability of success remains the same in each trial.
(iv) Number of trials is finite.
Mean of Random Variable — let X be a random variable whose possible values are xi, Xo, -« , X if
Py, Py, -eeeee , P_are the corresponding probabilities, then mean of X,



n

k=2 X =EX)
The mean of a random variables X is also called the expected value of X denoted by E (x).
8. Variance of a Random Variable —let X be a random variable with possible values x, X, -+ x, occur with

probabilities are p,, p,, =+ p, respectively.
let L =E (X) be the mean of X. The variance of X denoted by var (X) or ¢2 is defined as

Var (X) or 2 = Z x-p’p =Ex-p?* =EX)-[EX]
g ! ! '

Standard Deviation, ¢, = \]6 ar (X)
9. Probability function — The probability of x success is denoted by p (X = x) or P(x) and is given by P (x) =

nqunfpr,XZO, 1,2, eeeee ,Ilandq=1_P
The function P (x) is known as probability function of binomial distribution.

CONNECTING CONCEPTS

1. Partition of a sample space— Asctofevents E|, E,, - E, is said to represent a partition of sample S
if
(i) EnF.=¢ifi#j.i,j=1,2,,n
(ii) E; UE, UE,U -, UE, =S
@) P(E)>0 vV i=1,2, , .
2. Theorem of total Probability —let o Ey, Eo, -+ , E_ybea partition of sample spaces and each event has
a non — zero probability If A be any event associated with S, then
P(A)=PE)PA/E)+PE)YP(AE)+PE,)P(AE)+ e +PE)P(AE)

P(A)= D P (E)P(AE)
i=1

3. AFew Terminologies—
@ Hypothesis—When Baye’s theorem isapplied theeventsE, Eo, -+eeeeveveee , B, are said to be hypothesis x.
@@ Priori Probability—The Probabilities P (E1), P (Ez) ,-«e-eeeeeee ,P(E,)are called priori.
(i) Posteriori Probability — The conditional probability P (E/A) is known as the posteriori probability
ofhypothesisE, wherei=1,2,3, ...... ,n

4.  Probability Distribution of a Random Variable —let real numbers x,, X, «---eeeeeee , X, bethe possible value
of random variable and pi, pa,-«sseeeeeeees , P, be probability corresponding to each value of the random
variable X. Then the probability distribution is

X: X, b X,
P(X): P, j R o
@® p,;>0(ii) sum of probabilitics p, + p, + --eeeeeee +p,= L

5. Binomial Distribution — Probability distribution of a number of successes, in an experiment consisting of
n Bernoulli trials are obtained by Binomial expansion of (q +p),. Such a probability distribution is
X - 0 1 2 e I e n
P(X) : nCO qn nC1 qn— 1 P nC2 qn— 2 P2 nCr qn—r Pr nCn Pn
This probability distribution is called binomial distribution with parameter n and p.
Where, p is the probability of success in each trial and q is the probability of not sucess in each trial.

p+tq=1.q=1-p



